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Abstract

The rapid progress of quantum technologies, fostered by the efforts of both academia and industry, has stimulated the design
of quantum programming languages and the development of methods to support their verification and optimization. As in
the classical setting, static analysis plays a fundamental role in such an endeavour. In this paper, we provide a survey on static
analysis approaches for quantum programs, which have been proposed in the literature, distinguishing between dataflow-
oriented approaches, which are based on a graph representation of the program information flow, and domain-oriented
approaches, which essentially consist of the definition of some appropriate abstract domains representing the program
property to be analysed. To illustrate these two perspectives concretely, we also present in detail two specific analyses: a
dataflow analysis for managing quantum variables and uncomputation, and a static analysis based on abstract interpretation

for detecting state entanglement.

Keywords Quantum Programming Languages - Survey - Abstract Interpretation - Static Analysis - Formal Verification

1 Introduction

After the initial explorations back in 1997 [56], the field of
quantum technologies has known a rapid progress recently
boosted by several investments in the public (national govern-
ments, the European Union, etc.) as well as the private sector
(large companies such as DWave, IBM, and Google). The in-
tensive research activities and the efforts in building an effec-
tive quantum computer justify the common feeling that we
are now living in a quantum era. In this day and age, learning
how to program quantum computers is the next critical skill
for software developers. Despite this, current quantum pro-
gramming tools are still at an early stage of the development
process, which limits the possibility of creating real com-
plex quantum software systems. Besides the high-level defi-
nition of programming languages via a machine-independent
specification of their syntax and semantics, and a structured
methodology for building quantum compilers, one of the
most urgent needs for quantum software is the development
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of formal methods for the analysis of program properties and
for compiler optimisation. These aspects are all very well
developed in the area of classical programming languages
and implementation, and we can take advantage of the skills
acquired in the process of developing such advanced classi-
cal tools for devising an equally advanced quantum software.
However, quantum-specific features, such as superposition,
entanglement, the no-cloning theorem [58, Chap. 12] and im-
plicit measurement [58, Chap. 4] pose unique challenges for
reasoning about quantum programs, which makes a straight-
forward application of classical approaches not viable.
Abstract interpretation [34], originally introduced for the
static analysis of classical programs, provides a powerful and
general framework to approximate program semantics. In the
context of quantum programming, this methodology has re-
cently attracted growing interest [10, 46, 69, 73] because of
its dual applicability. On one hand, we can analyse and infer
information on the use of quantum variables in analogy with
classical settings; this perspective highlights issues such as
variable usage, duplication, and discarding, which are central
in quantum languages [16, 54, 66]. We call these approaches
flow-based analysis, since they are based on a graph repre-
sentation of the program information flow (or control flow
graph). On the other hand, static analysis can be leveraged
to approximate semantic properties of quantum programs,
by defining abstractions of quantum states and their corre-
lations; this kind of approach, which we call domain-based
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anaysis, allows the investigation of non-trivial features of pro-
gram execution, such as entanglement [10, 69], while coping
with the exponential growth of the underlying Hilbert space.
Even in the case of terminating programs, such as quantum
circuits, approximating exponentially large states remains a
fundamental challenge.

In this article, we provide a survey of the literature on
static analyses for quantum programs with the aim of sys-
tematising the existing landscape, highlighting commonali-
ties, differences, and open challenges (Sect. 3). In addition,
to concretely illustrate the two classes of flow-based analy-
sis and domain-based approaches, we present in detail two
applications: in Sect. 4 we show a flow-based analysis to
automatically manage the usage of quantum variables and
uncomputation, firstly introduced in [11], and in Sect. 5 we
illustrate a domain-based analysis for the entanglement prop-
erty of quantum states, introduced in [10, 12].

2 Quantum computation

In this section, we briefly recall the main aspects of quantum
computation with particular attention to the entanglement
phenomenon, which will be the subject of our case studies.
In doing so, we will refer to the circuit model of computation.
In a quantum circuit, wires represent quantum bits, or qubits,
rather than bits. Thus, a qubit replaces the classical unit of
information (the bit) in the quantum computation model,
generalising the two only possible values 0 and 1 of a bit to
any vector in a complex Hilbert space (the quantum system),
with 0 and 1 as basis vectors.! The typical notation of such
vectors (or states of a qubit) is the Dirac ket notation, ac-
cording to which |0) = (1,0)7 and |1) = (0,1)7 indicate the
basis states 0 and 1; in general, [) =« |0) + 8|1) denotes a
linear combination of |0) and |1) or superposition state. The
numbers @ and S are complex numbers called probability
amplitudes since, from them, we can infer the probability of
the state resulting in O or 1 after measuring the system. Such
probabilities are obtained as |a|> and |B|%, which explains
why quantum states must be unitary, i.e., ||* +|8]? = 1 must
hold.

Implementing significant and powerful quantum algo-
rithms requires performing quantum computation on cir-
cuits that are more complex than a single qubit operation
and involve n qubit states with n > 1. A n qubit state cor-
responds to a unitary vector in the 2"-dimensional Hilbert
space (H?>"), obtained by composing by tensor product (®)
the vector space of the single qubits, each living in a 2-
dimensional complex Hilbert space (?) [58, Chap. 2].
For instance, the space of two qubits is H* = H> @ H?>

! Any pair of orthonormal vectors can be assumed as a basis for the
space of 1 qubit states.
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and a generic state |y) in H* can be written as |¢) =
a0 |00) + a1 |01) + a2 |10) + a3 |11) where all @; are com-
plex numbers.

Measurement Quantum measurement is an operation that
allows us to extract a classical result from a quantum super-
position |¢). This operation transforms the quantum state
into a classical one by breaking the quantum coherence (and
so the quantum nature) of the state. Therefore, measurement
is typically applied as the last operation in a quantum cir-
cuit to get the final (classical and probabilistic) result of
the coherent (i.e., in superposition) evolution of the quan-
tum system represented by the circuit. Formally, quantum
measurement on the state space of the quantum system is
represented using measurement operators { M, },,, where m
corresponds to each of the possible outcomes of the mea-
surement. If the system is in the quantum state |) before
the measurement, the probability of obtaining outcome m

is given by p(m) = ||[M,, |¥)||?, where || - || is the vector
2 M m
norm,- and the system state after the measurement is —2-==.
Y o (m)

For instance, given one qubit, the measurement operators
are My =|0)0| and M; =|1)(1]|, corresponding to the out-
comes 0 and 1. If the state of the qubit before the measure-
ment is ) = @ |0) + B]1), the probability of measuring 0
is: p(0) = ||Moy||*> = |@|* and the probability of measuring
1is p(1) = |[My])* = |B|*>. After the measurement, if out-
come 0 is observed, the state collapses to M =10) while

|
M
- =10

if outcome 1 is observed, the state collapses to

Entanglement The behaviour of quantum circuits is de-
termined by the laws of quantum mechanics and undergoes
the effect of an important quantum phenomenon with no
classical counterparts, namely entanglement. This can be
intuitively described as an application of the superposition
principle to a system composed of two or more subsystems.
Concretely, the term entanglement describes a situation in
which two particles, designated as x and y, which form
a composite system, become strongly correlated. This oc-
curs as a result of a computational process that generates a
superposition of product states for both particles. This su-
perposition implies that the state of the composite system
cannot be described without considering the other particle’s
state. Consequently, if measurements are made on an entan-
gled state ab + cd, where a and ¢ are two possible states
of x and b and d are two possible states of y, then if x is
found in state a, y must be in state b; similarly if x is found
in state ¢, y must be in state d. As an example, the state
1/v3(|00) + |11)) in the Hilbert space H> ® H? is entangled
because it cannot be expressed as a tensor product of the

2 We refer here to the Hilbert space vector norm defined as || |¢) || =

V{¥|¢), where (y| is the conjugate transpose of |¢) and (x|y) is

the inner product between vector |x) and vector |y).
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g1 SISO gy )
uncomputation (a) and the same x

circuit with uncomputation (b). y @ }
The result of circuit (a) may be . (
incorrect with half probability, a J() b
while in (b) we always obtain

the correct result

(a)

individual states of the two-component qubits. In this state,
if one qubit is measured and found to be in the state |0), the
other qubit will instantaneously collapse to the state |0) as
well, and similarly for the state |1). In some cases, measur-
ing a qubit of an entangled pair alters the other, keeping it in
a quantum state. For instance, consider the entangled state
12(100) + [01) + |10) — |11)). If the first qubit is measured
and found in the state |0), the other qubit will instantaneously
collapse to the state !/v2(|0) + |1)) and, similarly, if the first
qubit after the measurement collapses to |1), then the other
one will be in state !/v2(|0) — |1)).

2.1 Quantum variables

A quantum variable is the high-level abstraction of the state
of a quantum register. Its type is the Hilbert space to which
those states belong, namely, a 2"-dimensional Hilbert space
for a n-qubit quantum register. Thus, the abstraction of a
qubit is a quantum variable g of type the two-dimensional
complex Hilbert space H,,. Following [91], we construct the
space of values for a set V = {q;}; of quantum variables as
the Hilbert space Hy = (X); H,, obtained by composing via
tensor product the Hilbert space associated to each variable
q;. Given a quantum program characterised by a set Q of
quantum variables, we say that the Hilbert space Hy is the
program space, and the semantics of the program can be
described using operators on the space Hp,.

We write |y}, to indicate that g; represents the state )
in H,, . For entangled states, such as for example !/vz(|01) +
[10)), we write (!/vz(|01) + |10))), 4 to indicate that p and
q represent, respectively, the first and the second variable
of the entangled pair. In this case, the vector represents an
inseparable state in the space H,, ® H,. Given an operator
U on the Hilbert space Hp and a set of variables V C Q,
we write Uy to indicate that the operator acts as U on the
variables in V and as the identity on the other variables of Q.
For instance, H, is the unitary operator on Hy that acts as
the Hadamard gate on (the type of) ¢ and as the identity on
the other variables. In the same way, CX, , is the operator
corresponding to the control-NOT (CNOT) operator on p
and g and the identity on the other variables.

1000),.,, p =¥
011),,, p =1

Yo =10000),,,, Y2= 1/\E(Ioooo)x},m+|o111),0,m)
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2.2 The need for uncomputation

Entanglement is a powerful feature of quantum computation;
it is at the base of important quantum communication pro-
tocols, which cannot be realized by classical means (see, for
example, quantum teleportation [58, Chap. 1.3]). However,
this feature introduces some complications when it comes
to the implementation of quantum programming languages
due to the presence of temporary variables in a program.
At the circuit level, the problem arises in the computation
of a classical irreversible function on a quantum computer,
as this requires additional (auxiliary) qubits to obtain re-
versibility and then unitarity [52, Chap. 7]. It turns out that
when feeding the circuit with a superposition of input states,
the auxiliary qubits may become entangled with the output
qubits, and their elimination (which induces an implicit mea-
surement) affects the state of the output qubits. The solution
to this problem is to ‘uncompute’ these auxiliary qubits be-
fore ‘deleting’, returning them to their initial unentangled
state. Therefore, at the program level, temporary quantum
variables cannot easily be dropped as we do with tempo-
rary values in classical programs, and a careful compilation
is necessary to avoid the generation of an incorrect circuit.
Moreover, quantum variables cannot be overwritten because
this would imply copying a quantum state at the physical
level, which, as we know, is impossible [49, Chap. 5].

We illustrate the problem of uncomputation with the cir-
cuit in Fig. la. This circuit computes (x & y) A y, i.e., the
conjunction of y and the exclusive-or between x and y, us-
ing a temporary qubit a and storing the result in r. Firstly,
we apply the Hadamard operation (H) to y, thus obtain-
ing the state 1 =1/v2(|0000) ., +|0100),,,); secondly,
we compute x & y through the two CNOT gates obtaining
the state ¢ =1/v2(|0000),,,, + [0101),,,,); Finally, we
calculate a A y in r using a Toffoli gate® getting the state
Y2 =1/2(|0000) yq +[0111) ). Now, if we decided to
delete the qubit a (since it is no longer needed), the state of
the first three qubits would collapse with probability !/2 to
|000} ., or |011),,., depending on the result of the implicit
measurement. This incorrect result is due to the principle of
implicit measurement [58, Chap. 4] (deleting a qubit means

3 The Toffoli gate corresponds to a double controlled NOT: the target
is negated if both controllers are 1.
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measuring it) and the entanglement introduced by the CNOT
gate. This example clearly shows why it is necessary to reset
all temporary variables, ensuring they are removed without
introducing side effects. The simplest way to uncompute a
qubit is to take all previously applied operations and reapply
their inverses in reverse order. In Fig. 1b, we show that if
we uncompute a before the final measurement, introducing
additional gates to bring the value of a back to |0) before
deleting it (causing an implicit measurement), we do not lose
information about the other three qubits.

3 Static analysis of quantum programs

As in the classical case, analysing a quantum program re-
quires different approaches depending on the property we
want to analyse. Specifically, one can be interested in proper-
ties of the quantum program variables, which are detectable
by statically analyzing the flow of execution within the pro-
gram. Classically, this is the case of the typical dataflow
analyses used for compiler optimization (e.g., constant prop-
agation, reaching definitions, copy elimination, register al-
location, etc.), which aim to check whether variables are
properly used, to verify that operations are applied in the
correct order, and to ensure that no unintended duplication
or discarding of variables occurs. The quantum methodol-
ogy in this case remains essentially the same as in the clas-
sical setting and consists of defining algorithms based on
the execution flow structure of the program to extract infor-
mation about variable properties. The key difference lies in
the properties of interest, which are shaped by the features
of quantum computation and are not shared by the classical
paradigm. For example, duplication or discarding of vari-
ables is non-trivial in quantum languages, as it conflicts with
principles such as the already mentioned no-cloning theo-
rem [58, Chap. 12] and implicit measurement [58, Sect. 4.4].
It is therefore essential to develop analyses that can prevent
or detect such incorrect behaviours. While the infrastruc-
ture of these analyses is classical, their necessity stems from
quantum-specific constraints. In this paper, we refer to such
approaches as Flow-Based Analyses.

On the other hand, one can also be interested in proper-
ties of the computational states, which are inherently quan-
tum, such as entanglement. In this case, classical techniques
cannot be directly reused, since reasoning requires the con-
struction of abstract domains specifically designed to capture
such phenomena. The difficulty is amplified by the exponen-
tial growth of the Hilbert space with the number of qubits,
which makes exact state representations infeasible. Abstract
interpretation [34] offers a suitable framework to address
this issue: abstract domains can approximate quantum states,
enabling program reasoning or abstract simulation with a
controlled degree of precision. Designing such approaches,
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which we refer to as Domain-Based Analyses, is therefore a
central challenge in quantum program analysis.

In this section, we first review the literature on flow-based
analyses, highlighting how traditional techniques have been
adapted to the quantum setting. We then turn to domain-
based analyses, where abstract interpretation is employed to
approximate quantum properties.

3.1 Flow-based analyses

These approaches are characterized by the application of
classical techniques, such as data-flow analysis or type-
checkers, to quantum programs.

3.1.1 Pattern based approaches

Pattern-based analyses have been developed to detect po-
tential bugs in a quantum program. They focus on identify-
ing problematic patterns or inappropriate uses of variables
that could lead to unexpected behaviours. An example is the
QChecker tool by Zhao et al. [96, 98], which analyses the
abstract syntax tree (AST) of quantum programs in Qiskit,
to detect common bug patterns. Inspired by the Bugs4Q
dataset [97], QChecker identifies syntax-level issues such
as the use of gates not supported by the backend, incorrect
parameters in gate applications, misuse of measurements, in-
consistencies between the number of qubits and registers, as
well as various API and compilation errors. The tool focuses
on local, syntax-driven problems, such as undefined or dep-
recated methods, invalid object calls, or redundant register
declarations.

LintQ [61] takes a different approach by translating quan-
tum programs into the CodeQL intermediate representation,
thus allowing reasoning not only about syntax through the
AST, but also about data-flow and control-flow. In this set-
ting, the program is modeled as a database of facts encoding
elements and their relationships, enabling both classical and
quantum data-flow analyses. The latter is used to track the
ordering of gate applications on qubits, a key aspect in detect-
ing subtle bugs. Compared to other tools, LintQ recognizes
the largest variety of patterns, drawing from both empirical
studies and prior work. Moreover, it is the only approach that
explicitly models complex circuits built from multiple sub-
circuits, which allows the detection of additional errors such
as incorrect usage of the composed API. LintQ also captures
data-flow-related issues (e.g., applying gates to qubits after
measurement, or measuring the same qubit multiple times),
problems with resource allocation (such as insufficient clas-
sical registers or unused qubits in a circuit), and violations
of implicit API constraints (for example, composing circuits
without using the composed result, or adding gates after
transpilation).
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Kaul et al. [50] propose Quantum-CPG, an extension of
Code Property Graphs [88] to the quantum setting. Their
approach models both data-flow and control-flow of pro-
grams written in Qiskit and OpenQASM, and—similarly
to LintQ—captures the execution order of quantum gates
through a graph-based representation of quantum data flow.
Beyond detecting programming errors, Quantum-CPG also
identifies classical code smells in hybrid quantum-classical
programs. A distinctive feature of this work is the explicit
modelling of the connection between qubits and classical reg-
isters, which makes it possible to spot unused or redundant
measurement results. For instance, the tool can detect when
a measurement result bit is produced but never consumed,
when result bits remain constant due to missing transforma-
tions in the quantum circuit, or when conditional statements
depend on constant classical values. Moreover, it highlights
superfluous quantum operations, such as gates that have no
observable effect on measurements.

3.1.2 Ensuring correctness

In quantum programming languages, variables represent in-
formation encoded in quantum states rather than in memory
locations, as is the case for classical languages. While they
offer similar abstraction benefits, quantum variables intro-
duce unique challenges due to the physical principles they
obey, i.e., the laws of quantum mechanics. Operations such
as copying or assignment are of non-trivial realisation due to
the no-cloning theorem, and unused quantum variables must
be carefully handled to avoid implicit measurements that can
affect entangled states.

High-level quantum languages such as QWIRE [66] and
Guppy [54] are equipped with linear typing systems ensur-
ing that values are used exactly once, preventing unintended
duplication or deletion of resources.

Silq [16] introduces a more fine-grained type system that
checks whether a variable is in superposition (for instance,
after the application of quantum gates such as the Hadamard)
and reduces errors related to implicit discarding. In partic-
ular, it can automatically infer safe discards when no un-
computation is required, or when the discarded state does
not affect the computation. However, this approach relies on
annotations and is effective mostly in the presence of local
variables and simple control flow. Similar to Silq, Qurts [45]
extends the Rust type system to achieve lifetime information
about variables to support automatic uncomputation.

Building on this line of work, ReQWIRE [71] introduces
a series of syntactic checks to verify the correctness of user-
defined uncomputation, based solely on circuit-level infor-
mation.

In [11], we propose a static analysis approach to automate
uncomputation in quantum programs. Unlike type system-
based approaches, our analysis reduces programmer work-

load and minimizes error messages by relaxing the require-
ment for variables to be used “exactly once” and allowing
them to be used at most once. The analysis is based on
two data-flow analyses: one to check variable usage con-
straints and another to detect unused variables across exe-
cution paths. This information enables the compiler to auto-
matically insert discard functions, increasing flexibility and
allowing integration with other analyses for improved accu-
racy. We present in detail this analysis in Sect. 4.

Rovara et al. [75] introduce a comprehensive debug-
ging framework that integrates classical simulation with
lightweight static analyses to assist developers in diagnos-
ing faults in quantum programs. The framework employs a
cone-of-influence analysis to identify the subset of instruc-
tions that may affect the qubits involved in a failed assertion,
thereby reducing the search space for potential sources of
error. Complementarily, an inferaction analysis constructs
an interaction graph for the qubits. This analysis is employed
to check the entanglement assertion in the program. In fact,
when two or more qubits appear in entanglement assertions
without having interacted previously, it is a typical indication
of misconfigured controlled operations.

3.1.3 Code optimization

Static analysis is also a useful tool for optimizing quantum
code, as it helps identify substitution patterns or eliminate
redundant gates.

Peduri et al. [67] introduce Quantum-SSA (QSSA), an
SSA-based intermediate representation for quantum comput-
ing that positions itself between the works on optimization,
as discussed in this section, and those on correctness checks,
presented in the previous one. They formalize the semantics
of QSSA for hybrid quantum—classical programs and pro-
pose a static no-cloning verification algorithm, quadratic on
general control-flow graphs and linear on structured ones.
Classical SSA analyses and transformations are adapted
to preserve quantum invariants, enabling both redundancy
elimination and peephole optimizations (e.g., CNOT elim-
ination, unitary merging, and Pauli/Hadamard simplifica-
tions). QSSA can also leverage standard optimizations such
as loop unrolling and dead-code elimination.

Ittah et al. [47] present QIRO, a quantum intermediate
representation based on MLIR and static single assignment
(SSA), designed to explicitly model the dataflow of quan-
tum states. QIRO represents the flow of quantum states be-
tween gates, allowing the reuse of both classical optimization
techniques (e.g., constant folding, common subexpression
elimination, inlining, loop unrolling, and dead-code elimi-
nation) and quantum-specific ones (e.g., unitary gate cancel-
lation, rotation merging, and loop-boundary optimizations).
The SSA structure enables optimization of side-effect-free
quantum operations in the same way as classical ones, while
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preserving quantum invariants. QIRO also supports partial
lowering and decomposition of high-level quantum opera-
tions, as well as resource estimation by lowering gates to
classical counters.

Chen et al. in [28] introduce a circuit optimization tech-
nique that exploits context information from the classical
part of hybrid quantum algorithms. The central observation
is that many measurement outcomes in hybrid workflows
are never used in the subsequent classical computation. By
formally distinguishing between valid qubits (those whose
measurement outcomes are actually consumed) and dead
qubits (those whose outcomes are discarded), they design an
elimination algorithm that iteratively scans the circuit and
removes dead gates without altering the probability distribu-
tion of valid outcomes. This approach, inspired by classical
liveness analysis, adapts the idea to the setting of hybrid
quantum—classical computation.

Behler et al. [14] present QStatic, a tool for static analysis
and refactoring quantum programs. The work exploits the
srcML [30, 31] infrastructure to support both classical and
quantum constructs in Abstract Syntax Trees (ASTs). QStatic
implements automated refactoring rules for common quan-
tum patterns, including iteration restructuring, Hadamard
gate reduction, and code encapsulation into custom gates,
improving both code readability and efficiency.

3.1.4 Resource estimation

A static analysis of quantum code can also be useful for
estimating the resources required by a quantum program or
circuit.

ScaffCC [48] introduces timing and resource analysis.
Resource analysis estimates the number of qubits and gates
required, providing early feedback on algorithm efficiency
before execution on hardware. Timing analysis estimates the
circuit’s critical path length under the assumption of un-
bounded resources, respecting quantum data dependencies
enforced by the no-cloning theorem.

Colledan and Dal Lago [32] introduce a flexible type-
based approach for quantum resource estimation in Quip-
per [43]. They define a family of type systems, Proto-
Quipper-RA, to derivie upper bounds on circuit size accord-
ing to various metrics (e.g., width, depth, gate count). The
system combines refinement types for local wire-level met-
rics and effects for global circuit metrics, using arithmetic
index terms to express bounds parametrically. The frame-
work is provably correct with respect to the chosen metric
and is implemented in the QuRA tool.

3.2 Domain-based analyses

We now turn our attention to the problem of analysing prop-
erties of quantum states. Broadly speaking, we can classify
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the approaches to this problem into three categories. The first
category targets a specific property of quantum computation,
namely entanglement, and develops abstract domains. The
second category introduces general-purpose abstractions of
quantum computation, aiming to represent quantum states
(or families of states) efficiently, without explicitly dealing
with their exponentially growing size. Finally, the third cat-
egory exploits abstraction to optimize quantum circuits.

3.2.1 Entanglement analyses

The focus of such analyses is on providing a sound represen-
tation of entanglement in quantum programs: their goal is to
determine, at a given program point, whether two variables
are entangled or not. To ensure soundness, these approaches
over-approximate the entanglement property: if the analysis
reports that two variables are not entangled, this is guaranteed
to be correct; however, some variables may be conservatively
considered entangled even if they are not.

ScaffCC [48] introduced the first static analysis of entan-
glement. The approach assumes that any two-qubit gate may
create entanglement and records pairs of control and target
qubits, together with a timestamp. When the same gate is
encountered again, the analysis checks if control qubits have
changed state in the meantime (i.e., served as targets of other
gates): if not, the second gate is recognized as the inverse
of the first, and disentanglement is recorded; otherwise, both
entanglements are preserved. As aresult, the tool can identify
when ancilla qubits remain entangled at the end of a module,
issuing a disentangled qubit check warning whenever qubits
are not properly uncomputed, which could otherwise lead to
incorrect outputs.

In [69], Perdrix introduces the first entanglement analy-
sis based on abstract interpretation. The analysis provides a
sound approximation of the property. The domain combines
state value information and entanglement. It is composed of
a map from the qubit to one of four values: L (both bases), s
(standard), d (diagonal), or T (none), where s states that the
qubit is in a standard basis, d that it is in a diagonal basis.
Entanglement is represented by a partition of qubits: qubits
in the same set may be entangled, and qubits in different sets
are separable. The target is a small imperative language with
qubits as memory, supporting sequential composition, condi-
tionals, loops, and a universal set of gates (Pauli, Hadamard,
Phase, CNot). Conditional and loop constructs are typically
treated by using measurements. Single-qubit gates update
basis info, while two-qubit gates may merge blocks to ap-
proximate entanglement. This approach is efficient, but it
lacks the ability to detect when entanglement is nullified.

Honda [46] extends the stabiliser formalism to handle the
uncertainty introduced by non-Clifford gates such as the T
gate. The key idea is that the effect of a non-Clifford gate can
be approximated locally and, when possible, neutralised later
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in the computation. In general, abstract analyses of quantum
programs use stabiliser-based representations [1] to track
entanglement and basis information. When a non-Clifford
gate is applied, the exact stabiliser information is lost, but
the effect can be conservatively approximated, allowing the
analysis to continue soundly while retaining as much infor-
mation as possible. Honda’s work targets a similar language
to Perdrix’s previous work. Conditional and Loop operations
are performed via join operations, which combine abstract
states from different branches, ensuring a safe approximation
of entanglement evolution. This approach provides a sound
method to track entanglement, which is more precise than
the previous one. However, it deals with non-stabilizer states
simply by treating them as unknown, which could propagate
imprecision throughout the program. This could be useful
when a non-stabilizer state is quickly discarded, but gener-
ally meant the system could not meaningfully speak about
non-Clifford circuits.

In [72, 73], Rand et al. introduce a type system based
on Gottesman’s [41] representation of Clifford gates (H, S,
CX). The key idea is to type states during simulation—
represented using stabilizers—so that separability can be
checked efficiently. This approach proposes an entanglement
analysis, although working at the circuit level (i.e., no control
flow) and limited to Clifford gates and measurements.

The design of the language Twist [94] includes the ver-
ification of the separability of quantum states, based on
combining a type system with manual annotations and
runtime dynamic checking based on classical simulation.
Twist is a functional quantum language including classical
Booleans, pairs, functions, qubits, measurement let and
if-expressions. The key idea of Twist is the notion of a
pure expression, that is, an expression whose evaluation is
unaffected by the measurement outcomes of any qubit that
does not belong to it, ensuring that its qubits remain separa-
ble from the rest of the program. Twist introduces a sound
purity type system that conservatively tracks entanglement,
allowing programmers to explicitly assert the separability of
expressions or components of entangled pairs, along with
a hybrid verification approach that combines static analysis
with runtime checks based on Schmidt decomposition. In
Twist, the static analysis is based on a type system, and it
performs simple checks. Its precision is similar to the one
introduced in [69]. The dynamic check is primarily used to
verify assertions where the entanglement is nullified during
computation.

In [87], Xia et al. present the first static entanglement anal-
ysis method for the quantum programming language Q# [79].
The analysis is built on an interprocedural control flow graph
and tracks the operations applied to each variable in order
to determine whether it represents a classical state or a su-
perposition. By doing so, it identifies both the creation and
the cancellation of entanglement. The approach is illustrated,

focusing on Hadamard, single-qubit rotation, and CNOT op-
erations.

Finally, our work [10, 12] introduces a static analysis
based on a new abstract domain for entanglement. This do-
main not only determines the sets of entangled variables,
but also distinguishes a particular relation, which we call
direct inseparability, corresponding to entangled states of
the form @ |00...0) + 8|11...1). These states are particu-
larly interesting because they can be disentangled in a simple
way. Moreover, the domain incorporates labels that abstract
the quantum states of variables. These labels enable a static
analysis that not only identifies entangled variables but also
approximates their quantum state. Our approach improves the
accuracy of existing methods that rely on a more imprecise
domain, such as the analysis in [69], while targeting a basic
imperative quantum language equipped with a universal gate
set (CNOT, Hadamard, and Phase gates) and measurement.
We will discuss the details of our analysis in Sect. 5. An ML
implementation of our domain is presented in [70].

3.2.2 Abstracting quantum states

The approaches described here do not introduce an abstract
domain with the goal of capturing a specific property (such
as entanglement, as discussed before). Instead, they focus on
representing the overall state of the computation for verifica-
tion or simulation purposes.

Yu et al. [92] introduce a method, called quantum abstract
interpretation (QAI), to simplify the analysis of quantum
programs by reducing the dimensionality of the quantum
state. Instead of considering all n qubits at once, their ap-
proach partitions the system into smaller groups of qubits,
each represented by a lower-dimensional abstraction. This al-
lows for efficient static verification of certain properties and
assertions in quantum circuits without simulating the entire
state. The approach uses algebraic operations to combine and
compare these smaller abstractions, ensuring that the results
still soundly approximate the behavior of the full system. It
can determine whether specific states belong to a subspace,
which is described as a span of standard bases. However, the
abstraction loses precision because it breaks global correla-
tions among qubits into simpler relations between subsets
of them. Building on this abstraction, recent work [93] in-
troduced the logical framework SAQR-QC, which combines
Quantum Hoare Logic [90] with the framework of QAI In
particular, it enables performing QHL-style reasoning about
program behavior, utilizing QAI approximation to ensure
scalability.

In [2, 23, 24, 26], the authors introduce a verification
methodology for quantum circuits and programs based pri-
marily on tree automata. Tree automata (TAs) provide a for-
mal model for representing sets of trees and, in the context
of quantum verification, are used to compactly encode sets
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of quantum states. In the original AutoQ framework [23],
TAs were employed to efficiently represent pre- and post-
conditions of quantum circuits. The semantics of quantum
gates are implemented in the TA domain, and verification is
reduced to checking whether the output-state TA is included
in the post-condition TA. In [24], the framework was ex-
tended to use symbolic TAs, introducing symbolic variables
in the leaves of the automata to enable reasoning about rela-
tional properties between quantum states. In [2], the authors
introduced Level-Synchronized Tree Automata (LSTAs) to
offer a more compact symbolic representation that allows
verification of quantum circuits with at most quadratic com-
plexity per gate. Moreover, LSTAs support parameterized
verification, making it possible to analyze entire families
of circuits with arbitrary numbers of qubits. Finally, Au-
toQ 2.0 [26] generalizes the framework from circuits to full
quantum programs, incorporating classical control structures
such as branches and loops, while retaining the symbolic and
scalable verification capabilities enabled by TAs and LSTAs.

The path-sum introduced in [5], provides a symbolic and
compositional representation of quantum circuits, express-
ing their behavior as a sum over all computational paths.
Formally, a circuit acting on input variables x can be rep-
resented as |x) — \/% Zyeo,1m ei"P(Y) | £(x,y)), where y
enumerates the path variables, P(x,y) encodes the phase
accumulated along each path, and f(x, y) describes the cor-
responding output transformation. This representation en-
ables compositional reasoning, allowing equivalence proofs
of large circuits to be constructed modularly, without explic-
itly manipulating exponentially large state vectors or matri-
ces. Path-sums have been effectively employed for the auto-
mated equivalence checking of Clifford+T circuits. However,
the original formalism is limited to fixed-size circuits and
cannot directly capture parametrized circuit-generating pro-
grams. The Qbricks tool [21] extends the path-sum semantics
to support verification of parametric quantum programs, i.e.
quantum programs with a parametric number of qubits.

Hietala et al. [44] introduce VOQC, the first fully veri-
fied optimizer for quantum circuits. Their work relies on a
symbolic matrix semantics that avoids the exponential blow-
up of concrete 2" x 2" matrices by manipulating algebraic
expressions denoting the underlying linear operators. This
approach enables correctness proofs for optimizations that
apply to circuits with a parametric number of qubits. Cir-
cuit rewrites are formalized as equivalence proofs between
symbolic matrix expressions, supported by Coq tactics such
as gridify [57] for normalizing tensor products and matrix
multiplications.

Bichsel et al. [17] present Abstraqt, an abstract stabilizer
simulator for efficiently analysing quantum circuits, includ-
ing those with non-Clifford gates. It overcomes the expo-
nential growth of summands in exact simulation by using
abstract interpretation to compress multiple concrete states
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into a single abstract representation, trading some precision
for efficiency. Quantum states are represented with Pauli op-
erators and complex intervals, and Abstraqt provides abstract
domains and transformers to handle gates and measurements,
enabling static analysis and verification of circuits that are
infeasible to simulate exactly.

In [13], we have applied abstract interpretation to ana-
lyze Variational Quantum Circuits (VQCs). VQCs are hybrid
quantum-classical models in which the circuit is character-
ized by a set of trainable parameters, optimized during the
learning process, similarly to neural networks. In this work,
we extend the classical interval abstract domain [35] to the
quantum setting, representing the quantum state as a vector
of intervals. This representation allows us to model noisy
inputs to the VQC and analyze the circuit robustness against
noise and adversarial perturbations.

3.2.3 Abstraction for optimization

Finally, we review a set of works where abstraction is em-
ployed to optimise quantum programs. Unlike the approaches
discussed in Sect. 3.1.3, which primarily rely on data-flow
information (such as liveness), these methods exploit se-
mantic properties—namely, approximations of the program
state—to guide the optimisation process.

In [55], Liu et al. introduce the Relaxed Peephole Opti-
mization (RPO). This approach tries to statically determine
the state of the qubits to reduce the number of gates. They use
labels to indicate that a qubitis in one of the X-, Y-, or Z-basis
states together with a T label and compute the approximation
of the execution on these labels. Based on this information,
they replace expensive operations with equivalent but less
costly ones.

In [22], Chen et al. introduce an optimization technique,
called Quantum Constant Propagation, that exploits partial
circuit execution and removes superfluous controlled gates,
leveraging the common assumption that all qubits are initially
in the |0) state. The key idea is to keep non-entangled groups
of qubits separated for as long as possible and to describe
their state in a compact form. To avoid excessive complexity,
a bound is imposed on the size of the entangled state that
can be represented; once this bound is exceeded, the state
of the group is abstracted into a form that signals a loss
of information. In [27] based on the description of mid-
circuit measurement presented in [25] the Quantum Constant
Propagation is extended to such circuits.

Amy et al. [7] generalise the phase folding optimisa-
tion [8], traditionally used to reduce costly T-gates in straight-
line quantum circuits, so that it can also be applied to quan-
tum programs with classical control flow. The key idea is
to reinterpret phase folding as a form of relational analysis,
in particular, affine relation analysis. They also incorporate
a non-linear analysis, which makes it possible to optimise
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programs involving operations such as Toffoli gates, whose
effect corresponds to non-linear transformations on classi-
cal states. To address precision losses caused by interference
when composing transition relations, the authors introduce
a sum-over-paths technique [5]. This work also shows that
classical program analysis can be used on classical data in
superposition, making classical techniques feasible for quan-
tum programs.

4 A flow based analysis: preventing implicit
discarding

Almost all high-level programming languages provide vari-
ables as information holders. However, while in classical lan-
guages, variables are abstractions of memory regions where
information can be stored and retrieved, in quantum lan-
guages, they are rather abstractions of the information con-
tained in the physical space of quantum states. Although the
advantages offered by these abstractions (in terms of easy
writing for the programmer) are the same in both classi-
cal and quantum contexts, quantum variables introduce new
challenges strictly related to the specific features of quantum
computation. In fact, the implementation of a simple oper-
ation such as duplicating a quantum variable is not trivial
due to the no-cloning theorem [58, Chap. 12]. It is also very
important (contrary to the classical setting) to take care of
unused quantum variables, which, if not appropriately dealt
with, could have a negative impact on the correctness of
the result of the whole program due to the implicit mea-
surement principle [58, Sect. 4.4]). In fact, as explained in
Sect. 2.2, unused quantum variables correspond to portions
of the quantum circuit that would be measured even if no
explicit measurement operator is applied, and this may have
unexpected side effects when it involves entangled states.
Thus, a quantum program with unused quantum variables
requires careful implementation, ensuring that at the circuit
level, they are appropriately ‘reset’ before the end of the
execution of the program to eliminate the presence of entan-
glement. This process is commonly referred to as uncompu-
tation. Thus, avoiding the copy and the implicit discarding
of quantum variables is crucial for the correctness of the
program results.

A typically adopted solution is linear typing, which forces
the programmer to use variables exactly once so that when
a variable x is used the first time, it is ‘consumed’ and no
longer available. We will exemplify the effects of a linear
type system by means of programs written in the Guppy
language [54], a Python-embedded language, which we take
as a model of a quantum language with linear typing. A
program like the one in Fig. 2 does not pass the check of a
linear type checker since the variable a is used twice.

1def used_consume(qubit: a):
2 b = h(a)

c = t(a) # Error, a is not defined
! return b,c

Fig. 2 Simple function that uses a consumed variable

Linear typing also ensures that no unused variables occur
in a program, i.e., all program variables must be consumed
before the end of the execution. For example, consider the
implementation of the circuits in Fig. 1 in Guppy, given in
Fig. 3. The Guppy compiler would reject the program in
Fig. 3a since a is not consumed. Instead, the code in Fig. 3b
would be assessed as well-typed since the Guppy primitive
discard(a) consumes a. In general, we cannot say if this
program will be compiled in the circuit in Fig. 1b since it
depends on the implementation of the discard primitive;
nevertheless, the final result, after the return, will always
be the same correct result. Implicit discarding also occurs
when we redefine a non-consumed variable, as in the code
of Fig. 4a. This program is ill-typed since the variable b is
not consumed when redefined. In this case, the type checker
returns an error indicating that the first b is not consumed.
Instead, the code in Fig. 4b is well-typed since we properly
discard (and thus consume) b before redefining it.

With the aim of relaxing the constraints imposed by lin-
ear type systems, we propose a different approach, which is
based on static analysis and consists of two steps: first, we
check that variables are used at most once, filtering out pro-
grams that violate this rule; second, we identify unused and
overwritten variables and automatically insert the discard
function. Two key analyses are necessary for our approach:
a forward data-flow analysis (Consuming Analysis) that col-
lects information about the availability of variables at each
program point and a backward data-flow analysis (Uncompu-
tation Analysis) that collects information about the usage of
variables. In Fig. 5, we represent the complete pipeline for a
given program represented as a Control Flow Graph (CFG).
The information resulting from the first analysis allows the
compiler to verify, in place of the type checker, that the pro-
grams use variables at most once. Then, the second analysis
gives the necessary information on the program points where
to insert the discard function, transforming a program that
uses variables at most once into a program that uses vari-
ables exactly once. This procedure introduces greater flexi-
bility than the type system approach, enhancing the language
usability. In fact, with our analysis, we still reject programs
that use consumed variables, but we automatically insert the
discard when needed, relieving the programmer from this
task. As an example, the function in Fig. 2 is still rejected,
but functions in Fig. 3a and Fig. 4a are automatically trans-
formed at compile time, respectively, into the ones in Fig. 3b
and Fig. 4b.
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Fig. 3 Two simple guppy

1def xor_and(x: qubit,y: qubit):

1def xor_and(x: qubit,y: qubit):

programs with (a) and without 5 a,r = qubit(), qubit() 2 a,r = qubit(), qubit()
(b) safe discarding ; x,a = cx(x,a) 3 x,a = cx(x,a)
A y,a = cx(y,a) y,a = cx(y,a)
a,y,r = toff(a,y,r) a,y,r = toff(a,y,r)
# Error: a is not ’consumed’ 6 discard(a)

return Xx,y,r

(a) Guppy program corresponding to

the circuit in Figure la

Fig. 4 Two simple programs b = h(a)
where we assume that a is 2 # error:
already defined .

(a) Wrong re-definition

Fig. 5 Analysis pipeline

b = qubit()

8 return x,y,r

(b) Guppy program with safe variable
discarding

1 b = h(a)
b not consumed 2 discard(b) #’drop’ b
b = qubit()

(b) Proper re-definition

Error

[ fail

1. Consuming

CFG — Analysis

3. Uncomputation
Analysis

4. Safe Discard
Inserction

Corrected

CFG

2. Consuming Lk>

Check

4.1 Control flow graph language

Static analysis is usually performed using the Control Flow
Graph (CFG) representation of programs [78]. We define our
static analyses as data-flow analyses based on control flow
graphs. Following [19, 60], we consider the CFG language
defined by the syntax:

c :=label | c;c|coc|c’ .
)
label := NonZero(b)| Zero(b) | stm

where the term c; c represents sequential composition; the
term ¢ @ c is the choice command that corresponds to the
execution of one of the two possible branches; the term c* is
the Kleene closure of c”, n € N, where c” is the composition
c;...c;, ntimes. For a Boolean expression b and a statement
stm (both defined by the grammar of a specific language),
NonZero(b) is a special label that indicates that in its path
b is true. In contrast, Zero(b) indicates that the Boolean
condition b is false in its path. This syntax is general enough
to cover deterministic imperative languages [85, Chap. 14,
Exercise 14.4] whenever stm contains at least an assignment
statement and a null operator, such as skip. In fact, in this
language, we can write both the while and ifthenelse
statements as follows:

ifbthenc;elsec; = (NonZero(b);c;) ® (Zero(b); cy)
whilebdoc = (NonZero(b);c)*;Zero(b)
2
The language defined by Equation (1) is interesting because
it corresponds precisely to the control flow graph represen-
tation of programs, on which standard data-flow analysis is
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Fig. 6 Graphical representation of language c, the CFG

usually performed [78]. The CFG associated with a program
is a graph with a start node corresponding to the program
entry point, an end node corresponding to the exit point, and
all other nodes corresponding to intermediate points in the
execution of the program; each edge of the graph has a la-
bel that represents the change produced by the execution of
an instruction of the language that is analysed. Hence, label
defines the language of CFG edge labels displayed in Fig. 6a
where [ € label, while the other elements of ¢ determine how
we compose the edges depending on their labels as displayed
in Fig. 6b for the CFG corresponding to the sequential com-
position c; ¢, in Fig. 6¢ for the nondeterministic choice c @ ¢
and in Fig. 6d for the iteration c*. In this way, we can define
anew analysis simply by providing abstract semantics for the
instructions defining stm and for the truth evaluation of b,
namely for the language of labels label.

In the following, if V is the set of program points, the CFG
will be defined as sets of edges, labelled in label, between
nodes in V, i.e., as subsets of V x label x V.

We will demonstrate our approach on the Guppy lan-
guage [54]. This is a Python-embedded language whose
compiler runs within the Python interpreter, but the com-
piled program is independent of the Python runtime. Guppy
adopts Python’s control flow (if, for, while, and return
statements), allowing measurement outcomes as a guard.
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When we analyse a concrete language, we need to specify
the label category of the syntax in (1) by defining stm, i.e., the
syntax of the language statements that will label the CFG. We
can extend the label syntax to represent a control flow graph
of the Guppy language. Like Python, a Guppy program is a
set of function declarations. We can represent each function
by a CFG and a program (i.e., a set of functions) as a set of
CFGs.

Let V, be the set of quantum variables, V. the set of
classical variables, and V=V, UV, the set of variables of a
program. We use ¥ € V?, G € V?, and U € V", where n € N,
for denoting, respectively, a list of classical, quantum, or both
types of variables. Note that the list could be empty.

We denote by b a generic Boolean expression composed
of classical variables or measurement of quantum variables
(e.g. -x Ameasure(q)) and e to indicate a generic classical
expression (that does not contain any quantum variable). We
can extend the syntax in Equation (1), with Guppy statements
as follows:

stm :=pass | A:v ’ v
3)

=fun(?) ‘56 =e | returnd | discard(q)

where pass is the Python statement that corresponds to
skip, A: ¥ declares which variables are the function argu-
ments and fun indicates both built-in function (measure,
quantum gates and initialization function qubit()) and user-
defined functions.

4.2 Data-flow analyses

In this section, we introduce the two key analyses needed
to implement our approach: a forward data flow analysis,
which we call consuming analysis, gathering information
about the availability of variables at each program point, and
a backward data flow analysis, which we call uncomputation
analysis, gathering information about the usage of variables.

4.2.1 Consuming analysis

This analysis aims to detect the available variables at each
node of the program’s CFG, i.e., the variables that are defined
and not yet consumed. To this aim, we must check that, in all
paths, each used variable is defined and not yet consumed.
This means that the analysis must be definite [78], i.e., the
information propagates among nodes by intersection.

Let V, be the set of quantum variables. We define the
lattice, (p(V,), 2), of the powerset of V, ordered by inverse
inclusion. Thus, the top element is @, while the bottom is
V. For expressions e, we denote by Q(e) C 'V, the set of
quantum variables in e. We define the (abstract) consuming
semantics (/) : p(V,) — 9(V,) as the abstract edge effects

defined for each label / € label, as follows:
(NonZero(b) )D =(Zero(b))D =D \ Q(b)
(pass)D=(X=e)D=D
U)D =D\ Q(0)
(01 =fun(@2) DD =(D \ Q(12)) U O (1)
(A:5)D=DUO®)
(discard(q))D =D \ {g}

(return

“

As a general rule, since any use consumes variables, the
abstract semantics is simple: when a variable is used, it is
removed from P, and it is added when defined. In partic-
ular, for Boolean expressions, since in b the only quantum
variables that can be used are the ones that are measured, we
remove Q(b) from D.

Proposition 1 (Consuming semantics distributivity)

The abstract semantics (-)) defined in Equation (4) is dis-
tributive w.r.t. intersection, i.e., for all labels | and subsets
X C p(Vy), we have

X = [(1)DID € X}

Proof (Sketch)
This follows easily from the definition of (/) and the proper-
ties of the set-theoretic operations (see e.g. [3, 59, 78]). O

To compute the CFG analysis, we need to compute the set
D for each node of the CFG [78], namely at each program
point of the analysed program. Since the analysis is forward,
the set D at node v, denoted D [v], depends on the sets D[u]
of its predecessors u, and the label semantics of the edges
entering v. Let start (end) be the starting (exit) node of a
CFG G. For each v € G, we define

@ if v = start
Dlv] =
{ﬂ{ u]) | (u,l,v) € G} otherwise

thus obtaining a system of n = |V| equations in n un-
knowns, which can be solved by fix-point, achieving the
so-called Maximum Fixed Point (MFP) solution [78]. As
shown in [78], this solution provides the best solution we
can compute on a CFG. In fact, Proposition 1 implies that,
for each v € V, the computed available variables set D[v]
corresponds to the MOP (Meet Over all Paths), namely

o (ki)

By using the equality with the MOP solution, we can prove
that, for each program point, the computed set of available
variables is indeed an under-approximation of the available
variables; in other words, our analysis is sound.

., k,, is a path from start to v, }
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Fig. 7 CFG of program in 2]
Fig. 2 with the computed D for A a
each node
{a}
b= h(a
(3) {v}
c = t(a)
(4) {c, b}
return a, ¢
exit| <&
Theorem 1

Given an edge (u,l,v), if the command represented by | uses
a variable g which has not been defined or has already been
consumed in at least one path, then q ¢ D[u].

Proof (Sketch)

This follows directly from how we combine the paths’ se-
mantics. In fact, if a variable is not defined or is consumed
in at least one path, it will not be included in D [u«] thanks to
the intersection operator. O

As an example, consider the simple program in Fig. 2.
This analysis shows that in node 3, the variable a is not
available; in fact, the edge (3,4) leads to an error.

4.2.2 Uncomputation analysis

The uncomputation analysis determines the appropriate lo-
cations where to insert the discard function. To this purpose,
we must identify those unused variables that lead to implicit
discarding. For this analysis, the notion of /ive variable comes
in handy. We recall that a variable x is called live at point
u if u is in a path between a previous definition of x and a
following use of x (without interleaving further definitions
of x) [3, 59]. However, to figure out where it is necessary
to uncompute, we need to know not only where a variable
is live but also where the last use of the variable consumes
it. Hence, we extend the notion of liveness to include this
additional information.

Definition 1

A quantum variable g € V is unsafe live at point u if it is
live and it is not consumed in at least one path starting from
u; q is said to be safe live if it is consumed or returned in all
paths from u.

To simultaneously compute these two types of liveness,
we define the abstract domain as a pair of sets of quantum
variables. The analysis computes (S, U) € p(V,) x p(V,),
where U C V, is the set of unsafe live variables and S C V,,
is the set of safe live variables. Note that while unsafety will
be over-approximated as it requires that the property of be-
ing non-consumed holds at least in one exiting path, safety
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requires the property holding on all the exiting paths, lead-
ing therefore to an under-approximation. A computational
ordering C, allowing for simultaneously over-approximating
unsafe live variables and under-approximating safe live vari-
ables, can be defined on the abstract domain p(V,) X p(V,)
as follows.

Definition 2
Let (S1, U1), (S2, Ur) € (V) X p(V), we define

(51, (Lll) C (Sz, U,) iff S, € Sy and
U 22U U(S1\S).

Let LI be the least upper bound (lub) induced by E. It is

(S1, UY) U (Ss, Us) = (S3, Us), with
S %8NS, and UL U UL U (SIA S),

where A is the set-theoretic symmetric difference.*

This definition guarantees that the lub operator adds to S
the variables that are safe in all paths and to U the variables
that are unsafe in at least one path. Given that the operators
of union, intersection, and symmetric difference are all both
associative and commutative, it follows that the least upper
bound operator is also associative and commutative. More-
over, as the union and intersection operators are idempotent
and AAA = 0, it follows that the least upper bound operator
is also idempotent.

We define the abstract semantics of edge labels (/) :
p(Vy) x p(Vy) = p(V,) x p(V,), for each [ € label, as
follows:

(pass)(S, U) =(x=e)(S, U) = (S, U)
(returnd)) (S, U) =(SUQ(F), U)
(]51 =fun(52) D(S, ‘LO Z(Sl, (Lll) where

SIZ (SN 0() U Q(B)
UE (U Q)

(NonZero(b) )(S, U) =(Zero(b) (S, U)
=(SuQ(b), U)
(A:B)(S, U) =(S\Q(D), U\ Q())
(discard(q))(S, U) =(SU{q}, U)

The first rule deals with a classical instruction and does not
change the analysis. In the other rules, the quantum variables
which are used are added to S since all the uses consume
variables. The variables U1 and U are removed from both S

def

4 Given two sets A and B, AAB= (AUB) \ (AN B).
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and U in the third and fifth rule, since these instructions
define the variables, making them no more live. Since each
statement consumes the variable, variables are never added
to U by the abstract semantics. Nevertheless, this set will be
updated by the join operator between paths.

Proposition 2
The abstract semantics (|- : p(Vq) X p(V4) — 9(Vg4) %
9(Vy) is monotonic w.r.t. C.

Proof

We have to prove that if (S;, Uy) C (S2, Uy) then
(I)(S1, U E(I)(S2, U). Since for all possible I, (/)
changes (S;, U}) and (S;, U») in the same ways, the proof
follows trivially by the definition of the abstract seman-
tics. O

Since the abstract semantics is monotonic and (p(V,) X
9(V,),E) is a finite domain (as Vy is finite for all programs),
we are guaranteed that by iteratively applying the equations,
we reach a fix-point.

Proposition 3

The abstract semantics (|- : p(Vq) X p(V4) — 9(Vg) %
9(Vy) is distributive, i.e., for all labels | and sets X C
p(Vq) X p(Vy), we have

(WX =| [{(I)(S, I(S, U) e X}.

Proof

Thanks to the associativity of the lub operator, we need only
to prove that, given X = (S, U;) and Y = (S,, U>), then
(S3, U)E ()X UY) = (1)) U (-)(¥)E (Sy, Us). The
generic abstract semantics, for any / € label, on a pair (S, U)
can be defined as (/)(S, U)=((S\K)UG,(UNK')U
G’) where K,G,K’,G’ € p(Vars) depend on /. Firstly, we
consider S; and S,, i.e., the safe variable sets:

S:=((S1NS)NK)UG
=((SINK)UG)N((SNK)UG) =8,

Now we consider U; and U, i.e., the unsafe variables are:

Us = (U VL) NK)UG) U (S1A Sy)
=((UINK)UG)U (U NK)UG)U (S1A S)
=U, O
To compute the analysis on the CFG, we need to compute
the pair (S, U) for each node of the CFG [78]. Similarly
to standard liveness, our analysis is backward, i.e., the pair

(S, U) at node u depends on the pairs (S’, U’) of its suc-
cessors and the label semantics of the edges exiting from u.

Given a CFG G, for all node v in G, we define the following
system of equations:

5 (2, ) if u=end
(S, U)[u] u{(]l[)((S,‘LI)[U])‘(uJ,U)GG} otherwise
o

As we did for the consuming analysis, this system can be
solved by fix-point, also obtaining, in this case, the so-called
MFP solution [78]. Due to Proposition 3 [3, Chap. 9] [59,
Chap. 2], this solution provides the best solution we can
compute on CFG, which is the MOP solution computed on
the graph nodes, i.e.,

(S, U)[v]

7T=k1,..
todefnd,
(7) = (kiDo-- o (kn)

., k,, is a path from v

=[] (xD(Se e

Where end is the final node of the control flow graph, i.e.,
the program exit point, and (S, U,) = L is the pair (S, U)
holding the end point.

Soundness By construction, U NS = @, and if we join
U and S, we obtain the set of live variables. Hence, being
the liveness analysis sound, if a variable x is live in a point

u,thenx e Y US, with (S, U) = (S, U)[u].

Proposition 4
For each program point u, if x is unsafe live in u, then x € U,

with (S, U) = (S, U)[u].

Proof

Consider a node u and a live variable x at u. By definition, x
is unsafe live if it is not consumed in at least one path from
node u to the end node. Therefore, in at least one path, the
abstract semantics does not add x in S, so when applying the
join on paths, x will be added to U. O

The analysis is incomplete because the MOP solution con-
siders all feasible paths, including those that may never be
executed. Nonetheless, this is not an issue since uncomputa-
tion is placed only in unsafe paths. If unfeasible paths make
the variable unsafe, the uncomputation is also placed in those
paths and thus will never be performed.

Examples First, we consider the code in Fig. 4a that we
represent as a CFG accompanied by the analysis results de-
picting (S, U) for each node in Fig. 8a. In Fig. 8a, where
the discard is needed, the variable b is not live. Instead,
if we analyse the correct versions of the program (Fig. 4b
and Fig. 8b), we see that after the definition, the variable b
is live, thanks to the discard function.
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Fig. 8 In both CFGs, on the
right, the pairs (S, U)

? ({a}, @)
b = h(a)

(2, 2)
b= qubit(?

B) @ 2

(a) CFG corresponding to Figure 4a

(@, 2)
Arx,y

(=, v}, 2)

r, a = qubit(), qubit()

%} ({z, vy, 7 a}, @)
z,a = cx(x, a)
%} ({z,y, 7 a}, @)
y,a = cx(y, a)
%} ({z, vy, 7 a}, )
a,y,r = toff(a, y, r)
Q? {z v, 7}, 2)
return x, y, r

xit| (&, 9)

o]

Fig. 9 CFG corresponding to Fig. 3a, on the rights the pairs (S, U)

Consider the code in Fig. 3a. Fig. 9 shows the CFG cor-
responding to the program and the analysis results. After
node 4, the variable a is no longer live; thus, in Fig. 3b,
we insert the uncomputation just after edge (4,a,y,r =
toff(a,y,r),5). The uncomputation analysis is very use-
ful when a variable needs to be discarded only in one branch
or when an overwriting occurs in a loop. As an example,
consider the program in Fig. 10a. Since a and b are used
only in one branch, they are unsafe. In fact, when we ex-
ecute the if-branch, we implicitly discard b, and when we
execute the else-branch, we implicitly discard a. In this case,
a simple analysis that detects only the live variable is not
enough. Instead, as we see in Fig. 10b, due to the lub op-
erator, our analysis inserts both a and b in the set U[1].

4.3 Applying the analyses to quantum programs

It should be clear that the main motivation for the design
of the analyses presented above lies in exploiting the infor-
mation they provide to transform the program automatically
without requiring programmer actions. Hence, after formally
defining the analyses, it becomes fundamental to define the
appropriate pipeline in which they should be performed. This
is represented in Fig. 5 for a given program CFG and consists
of four stages:

1. Consuming Analysis. We first perform this analysis to
obtain the sets D [u] for each node u, over-approximating
the sets of variables available in u.

Springer

({a}, @)
b = h(a)

({v}, 2)
discard(b)

(2, 2)
b = qubit()

® =, 2

(b) CFG corresponding to Figure 4b

2. Consuming check. We use D to check whether the pro-
gram is correct, i.e., whether it does not use consumed or
undefined variables.

3. Uncomputation Analysis. On correct programs, we per-
form the uncomputation analysis.

4. Discard insertion. The results of such analysis are then
used to decide where it is recommended to insert a dis-
card, avoiding implicit discard operations.

The first and the third steps are precisely the analyses
described in the previous section. What we need now to
define precisely are the procedures for performing the second
and fourth steps of the pipeline.

Consuming check After performing the Consuming
Analysis, we obtain the sets D [u] for each program point.
First, we check if every used variable is defined and not con-
sumed. Moreover, we also have to check that a variable is not
passed more than once as an argument (e.g., the statement
fun(g, q) is discarded since it introduces implicit copies).
As shown in Algorithm 1, to check this property, for all
edges (u,l,v), i.e., for all labels / in the CFG, we get the
set of all used variable (usedVars), and if this set is not
included in D[u] this means that there are some variables
that are used without being defined or after being consumed,
so we return an error. In Algorithm 1, we simplified the
returned message in case of an error. In the implemented
version, we return a detailed error specifying which vari-
ables generate errors and at which point in the program. For
instance, the example in Fig. 7 shows that the check fails
when considering the edge (2, b =h(a), 3) since a is not in
DI2].

Discard insertion The last step consists of inserting the
discard function. We must discard all variables which were
not consumed or returned in at least one path, i.e., defined
and never used (not live) or used but not in all paths. Hence,
in the first case, we can identify all non-live variables and
insert the uncomputation just after their definition. In the
second case, the variables, at some program point, are in
the set U determined by the Uncomputation analysis, and
we have to insert the discard only in those paths that do not
consume it. This means that, in the second case, we must
check if (and where) a variable is in U to understand where
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def fun(a: qubit,b: qubit,c: bool)
-> qubit:
# c is classical
3 if c:
1 r = h(a)
else:
r = h(b)
return r

(a)

Fig. 10 The function (a) consumes different variables in different
branches. In particular, the if — branch consumes only a, thus implic-
itly discarding b, while the else — branch consumes b, thus implicitly

Algorithm 1 Check for Variable Usage
Require: edges: control flow graph edges, D
1: for u,v in edges do
2: label < GETLABEL(u,v)

3: if label is a function call then

4: if - caeckLEeGITUsE(label) then

5: return ’Error: implicit copy’

6: end if

7: end if

8: usedVars «— GeTUsSEpVaRrs(label)

9: if usedVars ¢ D[u]) then
10: return ’Error, not defined variable used.’
11: end if
12: end for

Algorithm 2 Insert discard
Require: edges,nodes, (S, U),V,
1: for var in V, do

2 for u,vin GETALLDEFINITION(Cfg,var) do
3 if var ¢ (S[v] UU|[v]) then

4: appDiscarD((u,v),var)

5: end if

6 end for

7: end for

8: for var in | J,, U[u] do

9: for node in nodes do

10: if var € U[node] then

11: for vin successor(node) do

12: if var ¢ (S[v] UU|[v]) then

13: ApDpDiscarDp((node,v),var)
14: end if

15: end for

16: end if

17: end for

18: end for

we have to insert discard. We show the algorithm in detail in
Algorithm 2.

(2, 2)
A:a,b
(@,{a,b})
NonZero o(c)

discarding a. In (b), we show the results of the uncomputation analysis
on the CFG of the function (a) and how it detects a, b as unsafe at node
1

The procedure receives as input the set of arcs and nodes
from the CFG, the list pairs (S, U) from the previous anal-
ysis, and the program quantum variables set V. First, for
each quantum variable var € V,, we check if the variable is
defined and not used, checking if, after the definition, it is
live. If not, we must insert the discard after the definition.
Then, we consider all variables that, for some nodes u, are
in the sets U [u]. If var is in some U [u], there is some node
in which, in some of the paths that start in that node, the
variable is safe live, and others in which it is not live. So, for
each node u of the CFG, if x is in the set U [u], we check
the successors of u. For each successor v of u, if x is not in
the set S[v] and is not in the set U [v], the node v is the head
of the ‘unsafe’ path, so a discard operation is added between
nodes u and v.

In Algorithm 2, we apply our algorithm to the simple ex-
amples introduced so far. Let us consider the example in
Fig. 8a. Here the assignment in edge (1,5 =h(a),?2) defines
a non-live variable (b). So we insert the discard at the end
of that edge (just like we did in Fig. 4b and in Fig. 8b). Sim-
ilarly, for the example in Fig. 9, when we apply the discard
insertion, the only assignment that defines a non-live variable
is the one in edge (4,a,y,r = toff(a,y,r),5), so we insert
the discard at the end of that edge (line 6 in Fig. 3a, just like
the function in Fig. 3b shows). Now consider the function
analysed in Fig. 10b. In this case, there are no non-living
variables, but two variables are in U. Applying the discard
insertion algorithm, we select the edge (1,NonZero(c),?2)
to insert the discard of b and (1,Zero(c),3) to insert the
discard of a.

Evaluation We have implemented a prototype of our pro-
cedure in Python 3.> We tested both the consuming check
and the insertion of the discard operation, paying more at-
tention to the discard insertion. In particular, the discard
insertion has been tested on about ten simple programs that

3 Code at https://github.com/NicolaAssolini98/Static AnalysisQuan-
tumPrograms.
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Fig. 11 Failing program: a is . a = qubit()
not consumed in the else ) if _:
branch c = f(a)
else:
c = qubit()
return c

present redefinition of unconsumed variables inside loops,
redefinition in different computation branches, and unused
variables. Moreover, all the examples in this work have been
tested.

Our analysis introduces the same level of approximation
as a type checker. Both the analysis and the type system
consider all possible paths, even those that are not exe-
cutable. One crucial distinction between the two approaches
is that the type system will generate an error, forcing the
programmer to modify an infeasible path. In contrast, our
method will automatically modify only the impossible path
so that the program semantics will not be affected. More-
over, our static analysis is more informative than the type
system, as the example in Fig. 11 highlights. A type checker
based on linear types would return an error at line 1, in-
dicating that a is not consumed but giving no information
on the point where the discard must be inserted, namely the
else —branch. Instead, our approach would identify that
the problem lies in the else-branch and would pass the in-
formation to the next step of the pipeline without rejecting
the program. Consequently, even when using our approach
only as a linearity checker, it would provide more informa-
tive results than the type system. This is particularly bene-
ficial when the definition and the path that does not use the
variable are far apart in the code, and the control flow is
complicated.

4.4 A complete example

In this section, we apply the entire pipeline to a more com-
plex program, detailing the system evolution that leads to
the MFP solution. Consider the function f in Fig. 12a and
the corresponding CFG in Fig. 12b. We show the system
of equations derived from the CFG in Fig. 13 and the sys-
tem’s computation in Fig. 13b. In Fig. 12b, we also indicate
the sets D for each program point computed by Consum-
ing Analysis. Then, applying the algorithm in Algorithm 1,
we raise an error in edges (5, NonZero(measure(a)), 6) and
(5,Zero(measure(a)),7) since we use a, which is not de-
fined in all paths.

Fig. 14a and Fig. 14b show the code and the CFG of the
function after correcting the errors highlighted by the pre-
vious step. Now, this function passes the correctness check,
and we can analyse it to see if it needs some discard func-
tions. We show the system of equations derived from the
CFG in Fig. 15a and the system’s computation in Fig. 15b.
In Fig. 14b, we show on each node the sets (S, U) corre-
sponding to the MFP solution computed in Fig. 15b. We now
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apply the algorithm in Algorithm 2. The variable u is not live
after its last definition in the edge (8,u,c = cx(u,c),9), so
we insert the discard there. The variable a is in U[2], be-
ing in S[5] and not being live in 3, we insert discard(a)
in (2,NonZero(_),3). The variable r is Unsafe in multiple
nodes, in particular:

e r € U[2] but is live in both 3 and 5, so I don’t need to do
anything

e r € U[5] and being in S[6] and not being live in 7, we
insert discard(r) in (5, Zero(measure(a)),7).

Similarly, z is in U[2] and live in the successors, so it
does not need to be discarded, whereas it is in U[5] and
is in S[7] and not live in 6, we insert discard(z) in
(5,NonZero(measure(a)),6). The procedure employed in
this example successfully resolved the implicit discarding,
which would have resulted in the type system rejecting the
program. Finally, we present the output programs with the
discard insertions in Fig. 16. We note that by using a type-
based approach, the type checker rejects the program in
Fig. 14a unless the programmer enters all the discard func-
tions shown in Fig. 16.

4.5 The pipeline in action

The goal of the pipeline presented in this section is to ensure
the correctness of high-level quantum programs by inform-
ing the compiler about the points in the program where a
variable must be discarded (uncomputed), thus relieving the
programmer from having to handle this task manually. As
with a type checker, the safety and semantics of the dis-
card operation depend on the compiler implementation be-
neath the analyzer. This is also true in languages with lin-
ear types, where variables typically need to be discarded
manually, and the exact discard behavior remains compiler-
dependent. Our analysis is designed as a preliminary compi-
lation step to gather additional information related to linear
types, thereby avoiding the need for explicit discard opera-
tions.

Replacing the type system with a static analysis introduces
flexibility in two ways: it is language-independent, and it
can be combined with other analyses to identify infeasible
paths, thereby improving precision. In particular, classical
analyses such as interval analysis and constant propagation
can be employed to obtain more accurate classical control
flows.

The pipeline operates intra-procedurally and, like a lin-
ear type system, assumes that all variables are local. How-
ever, our analysis allows for commands that do not consume
resources while still identifying variables requiring uncom-
putation, thanks to the refined liveness information. This
versatility makes the approach broadly applicable across dif-
ferent quantum programming languages. In fact, our anal-
yses can be easily adapted to any language that employs a



Challenges in Quantum Programs analysis

Fig. 12 The example function

1def f(z:qubit,u:qubit,n:int):

2 r = qubit()
3 for _ in range(n):
= qubit()

a
a,r,z = g(a,r,z)

7 if measure(a):

8 ¢ = h(r) {Zze.r:(’m’era};ure(a))
9 else:
. ¢ = h(z) S
11 {c,u}
12 u,c = cx(u,c) u, c = cz(u,c)
13 {c,u}
14 return c return c
[exit]{u}
(a)
(b)
Fig. 13 We show in (a) the D[Start] = & 0l FP
system of equations derived D[1] = D[Start] U {z,u} Start| o| @ 2
from the CFG in Flg. 12b and in D2 = (P[] U {r}) N (DI \ {a,r, 2} U{a,r, z}) 1 Vq {,3_ u} {37 u}
(b) the MFP solution of the D3 = D2 2 Vol {z.u,r} | {z,u,r}
system Dl4] = D[3] U {a} 3 Vol {z.u,r} | {z,u,r}
4 Vol{z, u,r,at|{z,u,r a}
DJ5| = D[
5 Vol {z.u,r} | {z,u,r}
D[6] = D[5] \ {a} 6 Vol {z.u,r} | {z,u,r}
D[7] = D[5] \ {a} 7 Vol {z.u,r} | {z,u,r}
DI8] = (D[6]\ {r} U {c}) N (DI6] \ {z} U {c}) 8V (el | fnel
D[9] = (D[8] \ {u, c} U {u,c}) 9 Vo {u,c} {u,c}
D[End] = D[9] \ {c} End |V, {u} {u}
(a) (b)
Fig. 14 The correct version of [Start|(@, 2)
function f in Fig. 12 Az, u
(?({u}, =1
i i i a, r = qubit()
1def r_f(z:qubit,u:qubit,n:int):
. Hu}, {a,r 2})
2 a, r = qubit()
for _ in range(n): ar 2 = gla, ™ %) N
a = qubit()

{z, r,u}l, &)
a = qubit()

(5)({u,a}, {r 2})

Zero(neasure (a))

a,r,z = g(a,r,z)

7 if measure(a):
8 c = h(x) Hu, 73, 2)(6)  (DHw, 2}, 2)
9 else: ¢ =n(r) = h(z)

10 c = h(z) (®){u. e} 2)

u, ¢ = cx(u, c)

(et 2)

return ¢

12 u,c = cx(u,c)

14 return c (@, 2)

(a) (b)

linear type system, or even used to enhance those that donot,  tentional reuse—by introducing a special global definition
such as Quipper [42]. Furthermore, languages like Silq [16],
which rely on annotations to determine whether a variable
is consumed, can also be analyzed with minimal modifica-
tions. The analysis can also be extended to support global

variables—i.e., variables that must not be discarded for in- in the language.
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Fig. 15 MFP equations (a) and (S, U)[End] = (2, @) 0 L 9 PP
solutions (b) of the analysis (S, U)[9] = (S[End] U {c},U[End]) End (2, 2)] (2, 9) (@, 2) —
applied to the CFG in Fig. 14 (S, W)[8] = (S[9N\ {u, ¢} U {u, c}, U9\ {u, c}) 9 T ({c},2) {c}, 2)

(S, W)[7] = (S[8] \ {c} U{z},u8] \ {c}) 8 1 ({u,c},2) {u,c},2)

(S, U)[6] = (S8 \ {c} U {r}, U8 \ {c}) Z i Ei“iﬂi E?wzig

(S, U)[5] = (S[6] U {a}. U[6]) U (S[7] U {a},U[T]) ury, 9 wry,

(8. W) = (S[2)\ {a. 2} U{ar 2 U[2]\ {a,r. 2}) > - {{wk{nz}) (({{ b, {};))

(S, U)[3] = (S[]\ {a}, U4] \ {a}) 3 T T (Tl 5)

(8, U2 = (8, UYB] L (S, U] 2 L |({u,a} {r, 2P| {u}, {a,r, 2})

(S, 1] = (S2I\ {a, r}, U2\ {a,}) 1 1 ({u), {z}) ({u}, {z})

(S, U)[Start] = (S[A]\ {z,u}, U[1] \ {z, u}). Start| L (@, 2) (2, @)

(a) System of equations derived from the
CFG in Figure 14b

1def rr_f(z:qubit,u:qubit,n:int):
a, r = qubit()
for _ in range(n):

A discard(a)
a = qubit()
a,r,z = g(a,r,z)
if measure(a):
discard(z)
¢ = h(r)
10 else:
1 discard(r)
| ¢ = h(z)
| u,c = cx(u,c)
14 discard(u)
1
1

return c

Fig. 16 The function in Fig. 14 after the discard insertion

5 Entanglement analysis: a domain-based
approach

In the previous section, we described how to identify tem-
porary variables that may require uncomputation. Since un-
computing these variables incurs overhead for the quantum
compiler, it is crucial to avoid performing this operation
when it is not necessary. To reduce the number of calls to
the uncomputation routine, we extend our analysis with a
procedure that determines which of the detected temporary
variables may cause side effects. Such side effects arise only
when the variables in question are entangled with other pro-
gram variables. A key aspect of this analysis is the identifi-
cation of entanglement sets, that is, groups of variables such
that operations on one variable may influence the others.
Using these sets, we refine the initial collection of variables
marked as ‘to be uncomputed’ and retain only those that are
actually entangled, thereby limiting uncomputation to the
necessary cases. This analysis is best performed at a rela-
tively late stage of compilation, after the program has been
lowered to its circuit-level representation. At this point, the
structure of the circuit, including the precise placement of
gates and the wires they operate on, is fully determined.
Having this detailed information is essential for accurately
identifying entanglement patterns and, consequently, for de-
ciding which temporary variables may cause side effects if
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(b) MFP solution of the system

discarded. Earlier in the pipeline, such information is ei-
ther incomplete or still subject to optimization passes, which
would risk invalidating or weakening the conclusions of the
analysis. Thus, to define our analysis, we refer to a minimal
quantum language characterised by quantum statements on
quantum variables with a control flow based on measure-
ment.

Similarly to what we have done in Sect. 4.1, we introduce
our minimal quantum language as a CFG language. This
means that the branching in the CFG is guided by the proba-
bilistic result of a quantum measurement. Given a finite set of
quantum variables V, and g, p € V, we define the language
label as follows:

=label | c;c|coc|c’

(6)
label =M (q)| Mo(q) | skip | h(q)| t(q)| cx(p.q).

where My(g) (M;(g)) indicates that the measurement of ¢
returns O (1); the statements, h, t, and cx indicate, respec-
tively, the Hadamard gate, the T gate and the control-not
gate [58, Chap. 4]. Considering only these three quantum
operations is not a limitation because they allow us to cover
all possible quantum computations [18]. Moreover, the pres-
ence of measurement allows us to describe both circuit and
QRAM [40, 95] programs.

Moreover, without loss of generality, we can assume that
every variable g; € V, corresponds to a 1-qubit register ini-
tialised to the state |0). As we show in Equation (2), our
language is equivalent to the quantum while language used
in [68, 90, 91], and to the one that is used to define the
other two entanglement analyses based on abstract seman-
tics [46, 69].

5.1 Collecting semantics

Let Q = {g; } be the set of variables, we call Hy,, = X Hy,
the n-qubit Hilbert space, i.e., a space of dimension 2". Let
Vy,, be the set of all vectors [) € Hy,,, we define the collect-
ing semantics as a function [-] : p(Vy,) — 9(Vy, ). First,
given aset v € p(V), we define the collecting semantics for
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each instruction of the language label as follows:
[skipJo=1v
[h(g)Jo={ Hg W} |l¥)€v}
[t@To={ T, 1) |ly)ev}
[ex(p.g)Jo={ CXpql¥)|l¥) v}

M
[[Ml(cn]]u:{ ﬁ 1M1 10} > 0. 1p) € v }
q
M
[[Mo(cn]]u:{ % 1Mo, W) 112 > 0,14 € v}
q

where H,; and T, are the unitary operators in Hy, that corre-
spond to the gate Hadamard and T applied to ¢, CX,, , is the
unitary that corresponds to control-not on p and g (where
p is the controller and ¢ the target) and the identity on the
other variables while M; (g) and My(g) corresponds to mea-
surement 1 and 0 on g. For instance [M;(q) [{|1),} = {I1)4}
while [¥o(q) J{|1),} = @. Finally, we can define the collect-
ing semantics for the whole language:

[ci;cafo=[ca]([ci]v)

[cioca]o=[ciJou[ca]v

[ Jo=Jlc"]o.

@)

With this collecting semantics, we only want to represent the
set of all states that a program can return as a result. For
this reason, when we consider the measurement, we follow
a conservative approach by collecting all possible results,
ignoring the probability with which these results occur.

5.2 Characterising entanglement

In this section, we define the properties of separability and
of direct inseparability, and the abstract domain proposed
to represent them. Here, the idea is to refine this domain to
make it suitable for performing a static analysis for soundly
detecting entanglement. To define an abstract domain which
is able to capture the entanglement property of quantum
variables, we introduce a characterisation of this property
by means of an equivalence relation. For bipartite systems
(e.g., two qubits), entanglement and separability are dual
concepts. In fact, a composite quantum state |y ) a.q € (qu ®
Hy, is separable if and only if it can be written as a tensor
product [y), o, = |¢q,> ® |¢q2> for some states |¢q1> € Hy,
and |¢q2> € Hy,. A state [),, ., is entangled if and only
if it is not separable. However, the scenario becomes more
complex when considering systems consisting of three or
more subsystems. Entanglement in such systems corresponds
to inseparability across the entire system, but various degrees
of entanglement can occur within subsystems.

Some metrics have been introduced to analyse the entan-
glement of these systems, such as entanglement monotones
and entanglement measures [82], which quantify entangle-
ment between subsystems. In [37], the entanglement of two
subsystems S, S» is measured in terms of an entanglement
monotone function E)yy(S1, S2), such that E|,;(S1,52) =0
if and only if S; and §; taken in isolation are not entan-
gled in the global system state |/ ). For instance, the 3-qubits
state ), 4..q, = '/2(1000) +[001) + [011) + [111))g, 45,45
is fully inseparable since it cannot be decomposed via the
tensor product (|y) = |¢1) ® [¢2) for any [¢1) and |$2)).
In fact, the entanglement monotone E|y)(qi,{q;,qx}) al-
ways differs from zero for all i, j, k € {1,2,3}. However, if
we measure the entanglement between pairs of qubits, we
have E|y)(q1,92) > 0, E|y)(q2,93) > 0 but E},y(q1.93) =
0, that is the qubits g; and g3 taken in isolation are a
separable subsystem. This occurs because tracing out ¢;
yields, with equal probability, either !/vz(|00) +|01)),, 4, OF
UN2(|01) +[11))g, 45> both corresponding to separable states
of g1 and g3. This example shows that the entanglement is
not transitive, i.e., the fact that ¢g; is entangled with g» and
g2 with g3 does not imply that g is entangled with g3.

In our analysis, we are interested in understanding when a
set of variables is fully inseparable or whether the variables
are separable in some way. When two variables are separa-
ble (and thus not entangled), we know we can measure one
without altering the other. Thus, in our analysis, we speak
about separability and we consider its dual notion insepa-
rability instead of entanglement. Let us formally define the
separability of two variables in a multi-variable state.

Definition 3 (Separability)

Let V,, be the set of variables in a state |¢)Vq . Two variables
q1,q2 € VY, are separable if the state W)Vq can be written
as [Y)y, =o1)0, ® |$2)g,, Where 01,02 C Vg, q1 € Q)
and g, € 0». Otherwise, we say that g1, g are inseparable.
Given a set v € p(Vy, ), two variables g1, g2 are inseparable
in v if they are inseparable in at least one state |lﬁ>Vq €v.

There exists a particular relation between inseparable
variables. For instance, let us consider the state [}, ), . =
(]000) +]110) +|001) — |111))4.p.c, Where a, b, ¢ are insep-
arable. On an intuitive level, it can be seen that the three
variables are not related in the same way. In fact, a and b
are more closely related to each other than either a with ¢ or
b with c: if we measure a we obtain one of the two states:
(100) +01))p ¢ or (J10) —[11))p ., where b has collapsed to
a base state (0 or 1) in both states while c is still in superpo-
sition. Instead, if we measure ¢ we obtain: (|00) + |11))4.p
or (|00) —|11)),,» where a and b are in a entangled and
superpose state. When two variables are related as a and b
in this example, we say that they are directly inseparable.
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Definition 4 (Direct Inseparability)

Given a,b € V, in a state |:,D)Vq, we say that a and b are
directly inseparable (d-inseparable) if, upon measuring one
of them, the other collapses to a basis state in all possible
measurement outcomes. Two variables ¢g1,q> € V, are d-
inseparable in v € p(Vy, ) if they are d-inseparable in all
states W)Vq €.

Being d-inseparable is a useful property when reasoning
about entanglement. In fact, if we apply a controlled not
(CX) between two d-inseparable variables, we will always
‘disentangle’ the target variable. For instance, if we apply
CXa.p, Where a is the controller and b is the target, the state
[¥)4.p. defined above, we obtain:

CXa,b(“b)a,b,c)
= (|000) +[100) + (]001) = [101))a,p,c = (®)

= ((10) +11))[0) + (10) = [1)) [1)) a.c © [0}y, -

In other words, we have separated b from the other variables.
Instead if we apply CX,, . we obtain:

CXa.c(¥)a,p.c) = (1000) +[111) +]001) = |110))a.p.c» (9)

and we do not ‘disentangle’ a since ¢ and a are not d-
inseparable.

‘We now show that the properties of separability and direct
inseparability are transitive.

Proposition 5

Given a set of variables V ; in a state |¢)Vq and three vari-
ables q1, q> and q3 in Vg, if g1 and g, are non-separable
and g and q3 are non-separable, then q| and g3 are non-
separable.

Proof

Let Ilp)vq =|#1) o, ® 1920, Without loss of generality, we
can assume that g; € Q. Since g and g, are non-separable
g, must be in Q. But, by hypothesis, also g, and g3 are
non-separable, so g3 must also be in Q. This means that ¢
and g3 must be in the same set (in this case, Q1), and so they
are non-separable. O

Proposition 6
If q1 and q, are d-inseparable and q, and q3 are d-
inseparable, then q| and g3 are d-inseparable.

Proof

If g| and g, are d-inseparable, then if we measure g, then
g> collapses to a base state, but since g, and g3 are d-
inseparable, then also g3 will collapse. Thus, ¢ and g3 are
d-inseparable. O
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Since the non-separability and d-inseparability are tran-
sitive, trivially symmetric, and we can easily assume that a
variable is non-separable and d-inseparable from itself, i.e.,
these two properties are reflexive. Thus, inseparability and
d-inseparability are equivalence relations.

5.3 An abstract domain for entanglement

The generation of entanglement depends on the values of
the variables, which, therefore, must be taken into account
when defining the elements of our abstract domain. Thus, we
define an abstract state as consisting of two parts: the first
is based on sets of variables representing inseparability and
d-inseparability. In contrast, the second consists of a function
that associates each variable with a specific label indicating
the variable’s state.

Inseparability and D-inseparability domain Insepara-
bility and d-inseparability are both equivalence relations;
thus, given a set of variables V,, we can represent both prop-
erties on V,, by partitions of V. For instance, consider the
state [)g pc.a = ((100)+]11)) [0)+(100) = [11)) [ 1)) p.c ®
|1),. We can build the partition ({a,b,c}{d}) that rep-
resents the inseparable variables in /), ;, . ; and another
partition ({a, b}, {c},{d}) that identifies the d-inseparable
variables. Since being d-inseparable implies being insep-
arable, the d-inseparable partition is always included in
the inseparable one. We encode this information in our
abstract states by representing them as a list of num-
bered sets (e.g., [({a,b},0), ({c},0), ({d},1)]), where the
smaller partition (({a, b}, {c},{d})) represents which vari-
ables are d-inseparable, while by merging sets with the same
number, we obtain the partition representing inseparability

(({a, b,cHd})).

Definition 5
Given a set of quantum variables V,, we define the abstract
state &V« as the set of tuples

&V ={(e,k)|eep(V,)andk eN},

where V (e, k), (¢/, k') € EVa,eNe’ =@ and Ue.xyesva €=
V4. In other words, the sets e form a partition of V.

We call EY« c 9(p(V,) x N) the abstract domain of all
possible &Va.

To better refer to the abstract state, we introduce the fol-
lowing notation. Given an abstract state EVa, we write Ey,
using a capital letter, to refer to the set Ex = U, x)egvq €
i.e., the union of all e with the same index k. For in-
stance, if &i®P-c-det = [({a,b},0),({c},0),({d, e}, 1)],
Eo ={a,b,c} while E| = {d, e}. Using this notation, we
introduce a partial order in EV4
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Definition 6 (EV+, <g)
Given &7,8)" € EVa. &7 <z &7 iff V(e k) € &),
A(ei, k') € SY" such that e; C e; and VE; € 8?/", JE, €
8;7" such that E C Ej,.

We write Vg and Ag to refer to the least upper bound
(lub) and the greatest lower bound (glb) induced by <g,
and the resulting domain is a complete lattice. For instance,
[({a.b,c},0),({d}, D] <e  [({a,b},0),({c},0), ({d},
D] <e [({a},0), ({b}.0), ({c},0), ({d}. )] <& [({a}.0),
({£},0), ({c},0), ({d},0)], and [({a,b},0),({c}, D] Ve
[({a},0), ({b,c}, D] = [({a},0), ({6}, 0), ({c}, 0)].

To ensure soundness, we overestimate the non-
separabilities and determine which variables are potentially
inseparable. On the other hand, since being d-inseparable
implies special effects in relation to control-not and mea-
surement, we underestimate the d-inseparability property to
make sure we do not introduce errors in the abstract seman-
tics.

We have defined an abstract domain that allows us to
represent inseparability and d-inseparability. However, we
need a final ingredient to define the abstract semantics: some
elements abstracting the variables’ state.

Labels We introduce some labels that represent some spe-
cific states that are relevant to entanglement abstraction. The
CX gate does not introduce entanglement if the controller is
in a classical state (|0) or |1)) or the target is in a uniform su-
perposition (1/vz|0) +|1)). To track these two states, we intro-
duce two labels that represent two sets of states: Z = {¢ |b)}

(the set of classical values), and X = {¢(/v2|b) + 1/«5‘5))}
(the set of values in uniform superposition), where ¢ repre-
sents a global phase, b is a binary string and b is the negation
of b (e.g. if b=0 then b =1 and if b =010 then b = 101).
Moreover, we introduce three other labels:

P={s(palb) 145 [b)))

Y={¢('/2|b) /v

b))

R={8(}lb) =1

E))}.

We need these labels to represent the semantics of the gate
t. In particular, tX =P, tP =Y, t¥Y =R and tR = X while
tZ = Z. Then, we add a final label to represent states that are
not classical, i.e., those that are definitely in superposition:
S= {¢(a|b>iﬁ(z>) lle|?+|B12=1and a 0 A B % 0}. Fi-
nally, we define L » as the empty set and T , as the set of

all possible vectors. We can order these labels by inclusion,
constructing a lattice (£, <), represented in Fig. 17.

5.3.1 Put all together: the abstract domain

Now, we include the labels in the definition of the abstract
domain. When variables are inseparable, their state cannot

Fig. 17 Lattice (£, <y)
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be described as a combination of individual states. Recall
that, in an abstract state &V4, a set of inseparable variables is
the union of all sets e with the same index k. We introduce
a labelling function to associate each set of inseparable vari-
ables with a label. Formally, we define the labelling function
as 1:N — £, and we call A =N x £ the domain of the
labelling function. Consequently, we reformulate the defini-
tion of the abstract state, including the labelling function, as
follows.

Definition 7
Given a set of quantum variables V,, let be &V« € EVe and
A € A, we define an abstract state as the pair ("4, 1).

We define AYe =EY4 x A as the abstract domains. For
instance, let us consider a set of variables Q = {a, b, c,d} in
the state

V) o = (12(10) +[1)) [0} +7/2(10) = [1)) [1))a.p
® 'Va([10) +(01))c.a-

First, we construct the partition corresponding to the sets of
inseparable variables, i.e., the sets {a,b} and {c,d}. Once
these two sets have been identified, we construct the abstract
state by identifying which variables are d-inseparable, ob-
taining the abstract state: [({a},0)({b},0)({d,c},1)]. The
last step is to label the sets of inseparable variables. In par-
ticular, given a set of variables in a state |¢), we choose the
smallest label L such that |¢) € L. We see that the state of the
variables a, b is contained only in T , while the state of ¢, d
is contained in X, S, T, consequently the final state will
be equal to: (EY4,1) = ([({a},0)({b},0)({c,d},1)],{0:
Tg,1: X}

At this point, if we want to compute the set of concrete
states represented by an abstract state, starting from the ob-
tain (&Y, 1), we consider &V4. In this case, we know that
there are two sets {a, b}, {c,d} of inseparable variables, so
the abstract state corresponds to a set of concrete states in
the form [¢1), , ® [¢2). 4. Then, we can get more precise
information about |¢;) and |¢,) by checking which variables
are d-inseparable, that is, ¢ and d. In particular, we know that
the concrete states can be expressed by the set {|¥) | |¥) =

(Io1)a.p ® (D) + |E>)C,d}. Now, we complete the concreti-

sation by checking the information contained in the labels.
By the labels we know that a, b can be in any quantum state
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while ¢,d are in the form of !/va(|b) + ‘E>)C,d. Finally, by
intersecting this information with the previous one, we ob-

tain the set: {1) | 19) = (1614, ® '(a1B) + B[De.a),
which represents the concretisation y ((&"4, 1)) of (&%, 1)
and, of course, |¢) € y((E¥4,1)). Note that labels represent
the state of a single variable or a state of n d-inseparable
variables. So, if a set of inseparable variables is not labelled
as Ty, Z, or Lz, it means that it corresponds either to a
single variable or to all d-inseparable variables.

Based on the partial order <g defined in Definition 6, we
can define an ordering in A4,

Definition 8 (AY4,C)
Given (8,,41), (8,7, 1) € A¥s, (87,41) C (&), ) i
and only if

SYq <E 827(1 A VE, € &,
A(k) <z A(h) if JE; € Esuch that Ej, = E
Ah)y=Tg otherwise

We call LI and M the lub and glb induced by the order. Since
the lattices (EV7,<g) and (£, <) are finite and defined by
inclusion operators, they are complete lattices. Thereby, also
the lattice ((&"4,1),C) is complete.

For instance, consider two abstract states

(&/",41) = ([({p. },0)],0: X) and

(&,%,42) = ([({p,4},0)],0: ).

The Iub between them is (Syq ,A3)=([({p,¢},0)],0:S).In
this case, since p, g are d-inseparable in both states, they are
also in the lub, and we label the partition by the lub between
the labels (we are in the ‘if” case of the Definition 8). In fact,
(8?’" , A1) represent the set of states

{lv) o a2lb) =1 /v2

b))

and (8;’ 9, 2,) represent the set of states

(0) 160 131b) =14 b)),

where b € {00,01, 10,11}, and the abstraction of the union
of these two sets is (8?",/13).
On the other hand, if we consider the states

(&, 24) = ([({p.q}.0). ({1} D].{0: X, 1: X})

and

(&57.25) = ([({p}.0), ({g.1}, D] {0: X, 1 : X},
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the lub between them is
(82/",16) =([({p},0), ({¢},0), ({t},0)],{0: T c}.

v
In fact, (& 4 9, A4) represent the set of states

{lv) [oC'/N2lb) =1y

B)pg ® 1310) £ 13 11)1}

v,
and (&5 7, As5) represent the set of states

{19} 16(F510) = 11311)), ® 131b) % 133 B ))g.i -

If we join these sets, we obtain a set of states where p, g,
are inseparable. However, p and ¢ are only d-inseparable in
some states, while g and ¢ are d-inseparable in others. So, in
general, we can only say that p, g, are inseparable and not
d-inseparable, and the only possible label for these states is
Tr.

Concretisation function Now, we can introduce some
formalism to define the concretisation function y : A —

(V).

Definition 9

Let V, be a set of variables, and 7 C p(V,) a partition of
V4. Given a state |¢/)Vq , we say that the variables in V, are
n-separable if |zﬁ)Vq = ®pen |$) ,» i.e., their joint state can
be decomposed into a product of states across a partition
of the variables.

For instance, given a state [/),, .. .. and a partition 7 =
{{4q1,92}{q3}}, q1, g2, q3 are m-separable if and only if we

can write [) ;. o0 00 S |41}, 4, © |62) -
Given an abstract state (& Y«, 1), we write { Ex } to indicate

the sets that are obtained by &'« = {(e, k)} joining the sets e
with the same k. Recall that { E } is a partition that represents
the sets of inseparable variables.

Definition 10
Given a set of variables V,, we say that |¢/)Vq > (EV4,1)

(that is, |z,0)Vq is abstracted by (&4, 1)) if and only if

. Wf)vq is { Ex }-separable;

e V(e k)e&"a, qi.q; € e = q; and g; are d-inseparable in
W)y,

« given )y, = @y W) g, forall k, [6) g, € A(K).

In other words, we say that an abstract state &EVa ab-
stracts a concrete state if and only if the abstract state
over-approximates the set of inseparable variables, under-
approximates the d-inseparability, and all separable sub-
states that compose the state are represented by labels. Now
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we have all the elements to define the concretisation function
y:iA—-p(Vy,):

Y&, ) = (1), | )y, » (B0, 1))

Theorem 2
Given a set of abstract states {(Sy",/lj)}j, let I =

N; y(SV" A;), exists an abstract state (8;1"
y(&". A1) =1.

, A1) such that

Proof (Sketch)
y(Sj.j" ,4;) is the set of state in Hy,, that are abstracted by

(SV" A;), so I is the set of states that are abstracted by all
(8 ,4;). Consequently, if (8 A1) =11 j(SE]",/l‘i) then
7((8, Ap)=1. O

Theorem 2 proves that A is isomorphic to a Moore family
of p(Vio). This means that exists a function @; : p(Vy,) — A
such that (A, a;, y1, 9(Vv,)) forms a Galois Insertion [34, 35,
84].

5.4 An abstract semantics

In this section, we define the abstract semantics for our
analysis. We first need to introduce some additional nota-
tion to better represent the operations on abstract states.
Let us consider a generic abstract state (&74,1), where
&V = {(e;, k;)}i. We write EV4(q) to refer to the pair
(e,k) € &Ya such that ¢ € e, while we have &Y4{q}
to refer to set E; € EVa that contains g. For instance,
if & =[({q}.0),({r},0),({r}, D] then &(q) = ({¢},0)
and &1{q} = {q.1}. We write &Y [q, + ¢>] to mark ¢;
and g, inseparable in &Y (e.g., &([r + ¢q] is equal to
[{g}, 1), {z}, 1), ({r}, 1)]). Note that if we mark ¢ and r as
inseparable, this also affects ¢ due to the transitivity of the
inseparability. &V« [g; W ¢»] means that we marked ¢; and
q» as d-inseparable, so given & from above, E;[q W] =
[({g,1},0), ({r},1)]. Note that E[¢q; ¥ ¢2] implies apply-
ing also &[gq1 + q2]. V4|~ q] denotes the removal of g
from the set of variables d-inseparable from itself, and
&Va[—gq] denotes that we make ¢ separable from the rest of
the variables. For instance, given & = [({¢,r},0), ({t},0)],
& [~ q] is equal to [({r},0), ({¢},0), ({r},0)] and &[]
correspond to [({g,7},0), ({t},1)]. Of course, E;[—q;] im-
plies & [~ ¢1]. Finally, to ease the use of the labelling
function, given a variable ¢, let &Y< (q) = (e, k), we write
A(q) to refer to A(k). Additionally, we write A[g « L] to
state that we change the label referred to the index k as-
sociated with ¢, setting it equal to L. For instance, given
(&P, = ([({q},00({p},0), {1}, D], {0 : T, 1: X}),
A(q) = A(p) correspond to A(0) = Tz, A(r) = X, since it

.
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Fig. 18 The red arrow indicates the semantics of the abstract operation

T,f while the blue one indicates the semantics of the abstract operation
Hj

corresponds to A(1), and (7P, 1[q « Y]) is equal to
([H{g},00({p},0), ({t},1)],{0:Y,1: X}). In general, when
we speak about a label associated with a variable g, we im-
plicitly refer to the label associated with the index associated
with g.

Before defining the abstract semantics of the language, we
define four abstract operations H, ﬁ, Tﬁ C Xg a» Mg cAVe —
AV4 that correspond to the abstractlon of the unitary opera-
tion H,T,CX and the measurement, respectively.

For all the abstract operations it holds that if (&Y, 1) = 1

then Gg(SVq,/l)z (EYa,2). If fact y(1) =@ and G,2 = @.

T gate (T,;1 ) This gate does not make a difference if we
apply it to a single or a group of d-inseparable variables.
Formally,

THE . 2) = (&7, [g < V]).

where V can be derived from the red arrows in Fig. 18.

Hadamard gate (Hg) The Hadamard gate distinguishes
whether ¢ is entangled with other variables. Formally, the
abstract semantics is defined as follows:

Hl (Ve A):{w"q,z[w—vn 1824g) 1= 1.
K ’ (EVa(~q),A[q — Tr]) otherwise.

In particular, if g is separable from the other variables (i.e.,
|EC{g}| = 1), V can be derived from the blue arrows in
Fig. 18. If ¢ is inseparable (i.e., |E2{q}| > 1), applying
Hadamard to it produces a state that we can only label with
T, and the variable g is no longer d-inseparable. For in-
stance, given ), ., = (!/N2(|000) + |111)) 4.¢» P, q,t are
d-inseparable and their state can be labelled as X. Then, ap-
plying Hy ¢}, ., = (1000) +[010) +[101) + [111)) 4.1 ¢
is no longer d-inseparable from p,?, and the state is only
labelable by T .
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Controlled-not gate (C Xf’t) The CX gate can introduce
or nullify entanglement, so we need to consider different
cases according to the state of ¢ and ¢. Given an abstract state
(SVG ,A4), we can define the abstract semantics as follows:

e if A(c) =Z, i.e., the controller is in a base value, the CX
corresponds to a classical controlled not, so it does not
introduce or nullify entanglement and it does not change
labels, thus:

cx?, (&%,0) = (874, 2);

« if 7 is separable from other variables (i.e. |8V {t}| = 1) we
check the state of ¢ and 7:

cxt, (&%,

(&%,2) if (1) = X,
=4(E[cwt], ) ifA(c) =T A =2Z,
((E[~t])[c+t],A[t < T,]) otherwise.

In particular, if the target is in uniform superposition, the
CX gate corresponds to the identity.

If the controller is surely in superposition (i.e., A(c) #
T, and A(c) # Z) and the target is a classical value,
the CX gate makes ¢ d-inseparable from c. Moreover,
when we set ¢ d-inseparable from c, ¢ automatically gets
the label of c¢. For instance, if we have three variables,
g,c,t in the state [1) = 1/v2(|00) +[11))4.c ® |1),, ap-
plying CX.,|y1) we obtain 1/v2(]001) + [110))4.c, in
which ¢, c,t are d-inseparable. Then, given Q = {q,c,t}
and (8?"1,/11) ={({q,c},0),{z},1)},{0: X,1: Z}) such
that |y1) € (&, A1),

cxt ,(8/,41) = {({g, .1}, 0)1,{0: X})

and
Vc
CXe 1) ey(CXE (87, 00)).

Finally, if none of the above conditions is fulfilled, we
need to approximate the relation between ¢ and ¢. To main-
tain the soundness, we mark c and ¢ as inseparable without
setting ¢ and ¢ d-inseparable. Moreover, we mark ¢ and
t equal to T, (recall that, since ¢ and ¢ are inseparable,
they are related to the same k, so writing A[t < T z] or
A[c « T z] produce the same effects).

* if 7 is inseparable from other variables, we need to check
if the CX gate nullifies some entanglements:

cxt,(&%4,2)

@&l At =2))  EY(e)=8"(2)
B (E[~1t],A[t « T,]) otherwise '

Springer

In particular, if ¢ and ¢ are d-inseparable (&Y4(c) =
&Va (1)), we ‘disentangle’ ¢, as we see in Equation (8), and,
we set the disentangled variable separable from the rest, la-
belling it as Z. Otherwise, we do not know the exact effect
of the gate since, as we have shown in Equation (9), the CX
alters the entangled state. Thus, to maintain soundness, we
mark ¢ as not d-inseparable from the other variables and
label it as T ,. For instance, if

(&7, 41) = ([({a. b},0), ({c}.0)1.{0: T £},

we have that
cxt &/, )

= ([({a}.0). ({c}.0). ({p}. D1.{0: T £, 1: Z});
while

Cxt (8", 0)

= ([({a}.0). ({c}.0), ({p}.0)1.{0: T 1 }).

Given [/} p.c» CXap V) ap.c and CXe g [§) g p,c from

Equation (8) and Equation (9), note that:

W) ape €7((E/1 ),

V.
CXap W) apc € ¥(CXE L(E7, 1))
and

V(
CXea W) apc €V(CXE (£, 21)).

Measurement (Mg) In this case, we need to approximate
which variables may be affected by the measurement. The
semantics of measurement is formally defined as:

ME(EY4,2) = (E[-Q), L[Q — Z,T « T 1)),

where Q = &% (g) and T = (&Y4{q} \ Q). In particular,
when a variable ¢ is separable, Q = {¢} and T = @, and
the measurement simply makes g collapse to a base state.
Instead, if g is inseparable from other variables, all variables
d-inseparable from ¢ collapse to Z (making them separable),
while all other variables inseparable and not d-inseparable
from g are altered in a way that cannot be modelled given
an abstract state. For this reason, we can only label these
variables with T /.

Language abstract semantics Now we have all the in-
gredients to define the abstract semantics of the language,
which we define as a function (-) : AV — AVa, for each
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instruction of our language:
(skip)(&7,2) = (E77.2)
(h(q))(&"7,4) = Hy(E",)
(t(@))(E"1, ) =T](E )
(cx(p.g))(E7,0) = CX} 4 (874,2)
(M(6) ) (E79,2) = ME(ET,.2) (10)
(Mo(b))(&"7,4) = MG(E"s,2)
(cier) (&7, 2) =(c2) (1) (&7, )
(cr®ca)(EY,2)=(ci)u(ca)
()& =| |(c")(E", ).
p,q,Mg : AV — AVa represent the ab-
stract semantics of gates and measurement.

Finally, we formulate the soundness of our abstraction in
terms of the concretisation function y [35].

# #
where Hy, T7,CX

Proposition 7 (Soundness)
Let V4 be a set of variables, V1 € label,

V&%, 1) e A, [1]oy(E"e,2) Cyo(I)(E ).

Evidence in support of this proposition is shown by the ex-
amplesin Sect. 5.5.1. Since every label is sound, by induction
on ¢ we can prove that [c] o y(&Y4,1) Cyo (c)(EV4,).

5.5 Computing the analysis

To compute the analysis on the CFG, we need to compute the
abstract state (&4, 1) for each node of the CFG, namely at
each program point of the analysed program [78]. The analy-
sis we propose is forward; namely, the state (SV‘? ,A) atnode
u, denoted (&Y%, 1) [u], depends on the pairs {(SI.V‘Z ,A;)} of
its predecessors and the label semantics of the edges entering
u. Given a CFG G, for all node u in G (program points of
the represented program), we define the following system of
equations:

(&"7,2)[u]

(&0
- [_|{(]ZD(SV'I,A)[M]|(L¢,I,U)€G} otherwise

if u = start

where (83’ 4, o) is the initial state. Since we assume that all
variables are initialised to |0), the initial state is the state
where all variables are separable and labelled as Z. So if
Vg4 ={a,b,c} then

(&7, A0) = ([({a},0), ({b}.1), ({c},2)],{0,1.2::2}).

This system can be solved by the least fixed point obtaining
the best solution for each program point [51].

Proposition 8
For all statement | € label, the abstract semantics (1) : A —
A is monotonic w.r.t. C.

Since the semantics is monotonic, it is granted that we
reach the fix-point.

We provide a prototype of our procedure® that analyses
the quantum language used to present the analysis. Together
with the prototype, we provide examples showing how our
analysis works in various scenarios. In particular, we anal-
yse the examples contained in [72] (superdense coding [15],
Deutsch algorithm [36], and the Creation and disentangle-
ment of the GHZ state) and in [69] (teleportation circuit and
GHZ), obtaining the same results as [72] and improving [69].
We also provide some examples showing how we lose pre-
cision in the presence of control flow, showing when our
analysis is sound but incomplete.

5.5.1 Showing the analysis

Consider the example in Fig. 19. In Fig. 19, we show the
CFG to the program

dGHZ :=h(a);cx(a,b);cx(a,c);cx(c,b); t(b);cx(c,a);

displaying for each program point the concrete state in blue
and the abstract state in black. This program creates the GHZ
states up to node 3, then ‘disentangles’ b with the first cx,
then changes the relative phase with the t gate, and then
disentangles ¢ with the last cx. In the abstract domain up
to node 3, we construct the state in which {a, b, c} are d-
inseparable. Then we are able to keep track in the abstract
state the entanglement cancellation made by the cx gate
in edges (3,cx(a,b),4) and (5,cx(c,a),6) and the phase
change made by the t gate in edge (4,t(b),5). We show
how our analysis works with control flow in Fig. 20. We
consider the program

prog == h(a);cx(a,b);h(c);if (b) then{cx(a,c)}
else{cx(c,b)};

writing |¢) to indicate the state !/vz(|0) + |1)) and |p) to
indicate '/v2(|0) — |1)). In this example, we start in node 1
with a state where a and b form a Bell state and are therefore
abstracted as being entangled d-inseparable. In nodes 2 and
3, due to the measurement of b, both a and b collapse to a
basis state. Since a and b are d-inseparable, they are both

6 The following link https:/github.com/NicolaAssolini98/Entagle-
mentAnalysis contains our prototype implemented in Python.
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Fig. 19 The dGHZ CFG (a),
and a table representing h(a)
concrete and abstract states for
each node (b) cx(a, b)C?
cx(a, c)@B
Concrete state Abstract state
CX(C, b) Start {|000>a,b,c} [({a}’o)7({b}71)7({c}:2)]7{(071#2):Z})
1 {1/v2(10) + [1))a [00), .} [[({a},0),({b},1),({c},2)]{0: X,(1,2): Z})
t(b)C? 2 {1/v2(|00) +[11))a.6 [0}, } [({a,b},0),({c},2)],{0: X,2: Z})
3 {1/v2(]000) + [111))a,b,c} [({a,b,c},0),{0: X})
C‘? 4 {1/v2(100) +[11))a.c [0), } [({a,c},0),({6},1)],{0: X,1: Z})
cx(c, a) 5 U 1/va(00) +10))ac]0), ] [{a.c}0),({8} DI {0: P.L: Z})
® 6 {1+ 1/v2(10) + [1))c 0), 10) }[({c},0),({b}.1),({a},2)].{0: P,(1,2): Z})
(a) (b)
Fig. 20 The prog CFG (a),
and a table representing h(a); cx(a, b); h(c)
concrete and abstract states for ’ e
each node (b), where
|9)="5(10) + 1)) and M (0), o(b)
@) =1e([0) - 1)) xS /C@(C )
@
(a)
Concrete state Abstract state
Start {1000) 4 5.} [({a},0),({0},1),({c},2)].{(0,1,2): Z})
1 {1/v2(100)+[11))a s [4) . } [({a,6},0),({c}, )] {0: X/1: Z})
2 {118), 4 .} [({a},0),({0},1),({c},2)].{(0,1): Z,2: X })
3 {1009}, ..} [({a},0),({0},1),({c},2)].{(0,1): Z,2: X })
4 {1110) 4 4.0 (10), 1/V2[00)+[11))anc}| [({a},0),({c}.1),({6},1)],{0: Z,1: T})

labelled with Z. In node 4, the concrete state is obtained by
merging the semantics of the two paths, while the abstract
state is the lub between

Xt ([({a}.0).({b}.).({}2)1.{(0. 1:22:X})
and

cx?, ([({a}.0).({b}.D.({} D) 1.{(0, 1:22:X}).
which correspond to:

[({a},0).({b}.1),({c}.2)],
{(0,1):2,2:X}) U ([({a},0),({b, c}.1)].{(0):-Z,1: X},

that is:

[({a},0).({c}.1).({£}.1)].{0:Z,1: T £ }.

In both examples, using the labels, we can approximate
the variable’s state during the execution of the program.
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6 Other related works

Here we highlight some work related to the analyses dis-
cussed in Sect. 4 that is not covered in Sect. 3. These works
focus on synthesizing uncomputation and improving the effi-
ciency of the resulting procedures, rather than on identifying
which variables or qubits actually need to be uncomputed
(i.e., discarded). Examples include [9, 62-65, 74, 80, 81].
Square [38] and staq [6] use uncomputation to reduce
the number of ancilla qubits. Quipper [42], instead, auto-
matically converts classical Haskell programs into quan-
tum circuits and introduces uncomputation during this pro-
cess. Similarly, Qunity [83] offers automatic uncomputation
when compiling high-level controlled operations in circuits.
Qrisp [76, 77] allows automatic uncomputation through an
@auto_uncompute decorator, and manual uncomputation
with an explicit uncompute function. Qrisp operates at a
slightly higher level than circuit languages, offering an ab-
straction via a QuantumVariable class (and subclasses),
which still represents sets of qubits and works position-
ally (e.g., g =QuantumVariable(1);x(q)). Finally, the re-
cent language Quff [86], published at the same time as our
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work [11], addresses a similar goal. Quff automatically trig-
gers uncomputation whenever a quantum variable goes out
of scope at runtime. Unlike our approach, however, it does
not provide a formal definition of the method.

7 Conclusion

In this survey, we have examined how the non-classical char-
acteristics of quantum computation shape the design of static
analyses for resource optimization and property detection.
We reviewed the main families of approaches proposed in
the literature, distinguishing between flow-based analyses,
which reason about the program structure (e.g., variable us-
age, linearity, uncomputation), and domain-based analyses,
which rely on suitable abstract domains to approximate quan-
tum phenomena such as entanglement. To illustrate these
two perspectives in practice, we have presented two repre-
sentative analyses: a flow-based technique for automatically
managing temporary variables [11], and a domain-based ap-
proach for detecting entanglement [10, 12].

Overall, our survey highlights that static analysis can sup-
port quantum programming at multiple levels of abstraction
and in different phases of the compilation pipeline [20, 89].
Moreover, the landscape of quantum programming languages
remains highly heterogeneous [39], ranging from circuit-
level languages such as Qiskit [4] and Cirq [29] to higher-
level languages like Qrisp [77], Q# [79], Guppy [53, 54], or
Quipper [43], which provide richer abstractions for circuit
construction. This diversity reflects an ongoing uncertainty
regarding the most suitable abstraction level for program-
ming quantum computers [33]. In this context, static analysis
can play a double role. First, it can provide formal guaran-
tees that help make higher-level abstractions reliable, bridg-
ing the gap between expressive programming constructs and
low-level quantum operations. Second, by revealing which
abstractions admit effective analysis and optimization, it can
inform the design of future quantum languages, contribut-
ing to the development of more ergonomic, analysable, and
semantically principled programming models. As quantum
software systems grow in scale and complexity, we expect
static analysis to become increasingly influential in shaping
both compiler and language design.

We identify domain-based reasoning as a major open chal-
lenge. Static verification of quantum programs is increasingly
important given the high cost of execution and simulation,
yet it remains difficult due to the exponential nature of quan-
tum state spaces. While significant progress has been made,
further advances in quantum-specific abstract domains will
be essential to scale analyses to larger and more complex
programs.
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